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Abstract: 

In this paper, we introduce the Mersenne representation hybrinomials, that is, polynomials which are a generalization of 

Mersenne hybrid numbers. Also, we present some properties of Mersenne hybrinomials. We obtain generating functions, 

exponential generating functions and Binet formulas for Mersenne and Mersenne - Lucas hybrinomials. Also, we verify 

some well-known identities for Mersenne and Mersenne - Lucas hybrinomials. 
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Introduction 

Some studies about Mersenne sequence have been published such as [5] and Mersenne-Lucas sequence were introduced 

in [7]. Many papers are dedicated to Mersenne sequence such as [3, 8, 10, 11]. More generalization can be found in [2]. 

A natural extension of Mersenne sequence is given by Mersenne polynomial and defined as follows.  

For any variable quantity 𝜉, the Mersenne polynomial 𝑀𝑛(𝜉) is defined as 𝑀𝑛(𝜉) = 3𝜉𝑀𝑛−1(𝜉) − 2𝑀𝑛−2(𝜉) for 𝑛 ≥ 2 

with 𝑀0(𝜉) = 0, 𝑀1(𝜉) = 1. 

The Mersenne-Lucas polynomial 𝑀𝐿𝑛(𝜉) is defined as 𝑀𝐿𝑛(𝜉) = 3𝜉𝑀𝐿𝑛−1(𝜉) − 2𝑀𝐿𝑛−2(𝜉) for 𝑛 ≥ 2 with initial 

terms 𝑀𝐿0(𝜉) = 2, 𝑀𝐿1(𝜉) = 3𝜉. For polynomial representation one can refer [1, 4]. 

Binet formulas for Mersenne and Mersenne-Lucas polynomials are of the form  

𝑀𝑛(𝜉) =
𝓆1

𝑛(𝜉) − 𝓆2
𝑛(𝜉)

𝓆1(𝜉) − 𝓆2(𝜉)
 

and    

𝑀𝐿𝑛(𝜉) = 𝓆1
𝑛(𝜉) + 𝓆2

𝑛(𝜉) 

where 𝓆1(𝜉) =
3𝜉+√9𝜉2−8

2
, 𝓆2(𝜉) =

3𝜉−√9𝜉2−8

2
  are roots of the characteristic equation 𝑥2 − 3𝜉𝑥 + 2 = 0. 

Ozdemir [9] defined hybrid numbers ℋ as a composition of dual, complex, hyperbolic numbers satisfying the relation 

𝑖ℎ = −ℎ𝑖 = 𝑖 + 𝜀 and it is of the form 

 ℋ = 𝑧0 + 𝑧1𝑖 + 𝑧2𝜀 + 𝑧3ℎ,  

where 𝑧0, 𝑧1, 𝑧2, 𝑧3 ∈ ℝ  and  𝑖, 𝜀, ℎ  are operators such that  𝑖2 = −1,  𝜀2 = 0, ℎ2 = 1. 

We can associate Mersenne and Mersenne-Lucas numbers with hybrid numbers, we get the 𝑛th Mersenne hybrid number 

𝑀ℋ𝑛  and the 𝑛th Mersenne-Lucas hybrid number 𝑀𝐿ℋ𝑛  are defined as 
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𝑀ℋ𝑛 = 𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝜀𝑀𝑛+2 + ℎ𝑀𝑛+3 

𝑀𝐿ℋ𝑛 = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝜀𝑀𝐿𝑛+2 + ℎ𝑀𝐿𝑛+3 

where 𝑖, 𝜀, ℎ are hybrid units, see [12, 14]. 

In [6, 13] Liana et al introduced Pell and Pell-Lucas hybrinomials, Fibonacci and Lucas hybrinomials. The main aim of 

this paper is to introduce Mersenne hybrinomials.  

For 𝑛 ≥ 0, Mersenne and Mersenne-Lucas hybrinomials are defined by 

𝑀𝐻𝑛(𝜉) = 𝑀𝑛(𝜉) + 𝑖𝑀𝑛+1(𝜉) + 𝜀𝑀𝑛+2(𝜉) + ℎ𝑀𝑛+3(𝜉) 

and 

𝑀𝐿𝐻𝑛(𝜉) = 𝑀𝐿𝑛(𝜉) + 𝑖𝑀𝐿𝑛+1(𝜉) + 𝜀𝑀𝐿𝑛+2(𝜉) + ℎ𝑀𝐿𝑛+3(𝜉) 

where 𝑀𝑛(𝜉) is the 𝑛th Mersenne polynomial and 𝑀𝐿𝐻𝑛(𝜉) is the 𝑛th Mersenne-Lucas polynomial and 𝑖, 𝜀, ℎ are 

hybrid units. 

For example,  𝑀𝐻5(𝜉) = 𝑀5(𝜉) + 𝑖𝑀6(𝜉) + 𝜀𝑀7(𝜉) + ℎ𝑀8(𝜉), 

where 𝑀5(𝜉) = 81𝜉3 − 54𝜉2 + 4, 

           𝑀6(𝜉) = 243𝜉4 − 216𝜉3 + 36𝜉,  

           𝑀7(𝜉) = 729𝜉5 − 648𝜉4 − 162𝜉3 + 216𝜉2 − 8, 

           𝑀8(𝜉) = 2187𝜉6 − 1944𝜉5 − 972𝜉4 + 1080𝜉3 − 96𝜉. 

Also, 𝑀𝐿𝐻4(𝜉) = 𝑀𝐿4(𝜉) + 𝑖𝑀𝐿5(𝜉) + 𝜀𝑀𝐿6(𝜉) + ℎ𝑀𝐿7(𝜉), 

where 𝑀𝐿4(𝜉) = 81𝜉4 − 72𝜉2 + 8, 

           𝑀𝐿5(𝜉) = 243𝜉5 − 270𝜉3 + 60𝜉, 

           𝑀𝐿6(𝜉) = 729𝜉6 − 972𝜉4 + 324𝜉2 − 16,  

           𝑀𝐿7(𝜉) = 2187𝜉7 − 3402𝜉5 + 1512𝜉3 − 168𝜉. 

For 𝜉 = 1, we obtain Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers. 

Theorem 1 For any variable quantity 𝜉, we have 

𝑀𝐻𝑛(𝜉) = 3𝜉𝑀𝐻𝑛−1(𝜉) − 2𝑀𝐻𝑛−2(𝜉) for 𝑛 ≥ 2 

with 𝑀𝐻0(𝜉) = 𝑖 + 𝜀(3𝜉) + ℎ(9𝜉2 − 2) and 𝑀𝐻1(𝜉) = 1 + 𝑖(3𝜉) + 𝜀(9𝜉2 − 2) + ℎ(27𝜉3 − 12𝜉). 

Proof  

 If 𝑛 = 2 we have 

𝑀𝐻2(𝜉) = 3𝜉𝑀𝐻1(𝜉) − 2𝑀𝐻0(𝜉) 

                 = 3𝜉[1 + 𝑖(3𝜉) + 𝜀(9𝜉2 − 2) + ℎ(27𝜉3 − 12𝜉)] − 2[𝑖 + 𝜀(3𝜉) + ℎ(9𝜉2 − 2)] 

                 = 3𝜉 + 𝑖(9𝜉2 − 2) + 𝜀(27𝜉3 − 12𝜉) + ℎ(81𝜉4 − 54𝜉2 + 4) 

                 = 𝑀2(𝜉) + 𝑖𝑀3(𝜉) + 𝜀𝑀4(𝜉) + ℎ𝑀5(𝜉) 
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By using the definition of Mersenne polynomial we have 

𝑀𝐻𝑛(𝜉) = 𝑀𝑛(𝜉) + 𝑖𝑀𝑛+1 (𝜉) + 𝜀𝑀𝑛+2 (𝜉) + ℎ𝑀𝑛+3 (𝜉) 

               = [3𝜉𝑀𝑛−1 (𝜉) − 2𝑀𝑛−2 (𝜉) ] + 𝑖[3𝜉𝑀𝑛 (𝜉) − 2𝑀𝑛−1 (𝜉) ] + 𝜀[3𝜉𝑀𝑛+1 (𝜉) −                         2𝑀𝑛 (𝜉) ] +

ℎ[3𝜉𝑀𝑛+2 (𝜉) − 2𝑀𝑛+1 (𝜉) ] 

                = 3𝜉𝑀𝐻𝑛−1 (𝜉) − 2𝑀𝐻𝑛−2 (𝜉) 

Theorem 2 For any arbitrary quantity 𝜉, we have 

𝑀𝐿𝐻𝑛(𝜉) = 3𝜉𝑀𝐿𝐻𝑛−1(𝜉) − 2𝑀𝐿𝐻𝑛−2(𝜉) for 𝑛 ≥ 2 

with 𝑀𝐿𝐻0(𝜉) = 2 + 3𝜉𝑖 + 𝜀(9𝜉2 − 4) + ℎ(27𝜉3 − 18𝜉) and 𝑀𝐿𝐻1(𝜉) = 3𝜉 + 𝑖(9𝜉2 − 4) + 𝜀(27𝜉3 − 18𝜉) +

ℎ(81𝜉4 − 72𝜉2 + 8). 

Proof  

If 𝑛 = 2 we have 

𝑀𝐿𝐻2(𝜉) = 3𝜉𝑀𝐿𝐻1(𝜉) − 2𝑀𝐿𝐻0(𝜉) 

                   = 3𝜉[3𝜉 + 𝑖(9𝜉2 − 4) + 𝜀(27𝜉3 − 18𝜉) + ℎ(81𝜉4 − 72𝜉2 + 8)] −                         2[2 + 3𝜉𝑖 +

𝜀(9𝜉2 − 4) + ℎ(27𝜉3 − 18𝜉)] 

                   = (9𝜉2 − 4) + 𝑖(27𝜉3 − 18𝜉) + 𝜀(81𝜉4 − 72𝜉2 + 8) + ℎ(243𝜉4 − 270𝜉3 +                          60𝜉) 

                  = 𝑀𝐿2(𝜉) + 𝑖𝑀𝐿3(𝜉) + 𝜀𝑀𝐿4(𝜉) + ℎ𝑀𝐿5(𝜉) 

By using the definition of Mersenne-Lucas polynomial we have 

𝑀𝐿𝐻𝑛(𝜉) = 𝑀𝐿𝑛(𝜉) + 𝑖𝑀𝐿𝑛+1 (𝜉) + 𝜀𝑀𝐿𝑛+2 (𝜉) + ℎ𝑀𝐿𝑛+3 (𝜉) 

                 = [3𝜉𝑀𝐿𝑛−1 (𝜉) − 2𝑀𝐿𝑛−2 (𝜉) ] + 𝑖[3𝜉𝑀𝐿𝑛 (𝜉) − 2𝑀𝐿𝑛−1 (𝜉) ] +                          𝜀[3𝜉𝑀𝐿𝑛+1 (𝜉) −

2𝑀𝐿𝑛 (𝜉) ] + ℎ[3𝜉𝑀𝐿𝑛+2 (𝜉) − 2𝑀𝐿𝑛+1 (𝜉) ] 

                 = 3𝜉𝑀𝐿𝐻𝑛−1 (𝜉) − 2𝑀𝐿𝐻𝑛−2 (𝜉). 

Theorem 3 The generating function for Mersenne hybrinomial sequence {𝑀𝐻𝑛(𝜉)} is 

𝐺(𝑡) =
𝑀𝐻0(𝜉) + [𝑀𝐻1(𝜉) − 3𝜉𝑀𝐻0(𝜉)]𝑡

1 − 3𝜉𝑡 + 2𝑡2
 

where 𝑀𝐻0(𝜉) = 𝑖 + 𝜀(3𝜉) + ℎ(9𝜉2 − 2) and 𝑀𝐻1(𝜉) = 1 + 𝑖(3𝜉) + 𝜀(9𝜉2 − 2) + ℎ(27𝜉3 − 12𝜉) 

Proof  

Let 𝐺(𝑡) = ∑ 𝑀𝐻𝑛(𝜉)𝑡𝑛∞
𝑛=0  be the generating function of the Mersenne hybrinomial sequence. Then 

𝐺(𝑡) = 𝑀𝐻0(𝜉) + 𝑀𝐻1(𝜉)𝑡 + 𝑀𝐻2(𝜉)𝑡2 + 𝑀𝐻3(𝜉)𝑡3 + ⋯ 

Multiplying by −3𝜉𝑡 and 2𝑡2, we get 

−3𝜉𝐺(𝑡)𝑡 = −3𝜉𝑀𝐻0(𝜉)𝑡 − 3𝜉𝑀𝐻1(𝜉)𝑡2 − 3𝜉𝑀𝐻2(𝜉)𝑡3 − ⋯ 

2𝐺(𝑡)𝑡2 = 2𝑀𝐻0(𝜉)𝑡2 + 2𝑀𝐻1(𝜉)𝑡3 + 2𝑀𝐻2(𝜉)𝑡4 + ⋯ 

By adding these above three equalities, we get 
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𝐺(𝑡)(1 − 3𝜉𝑡 + 2𝑡2) = 𝑀𝐻0(𝜉) + [𝑀𝐻1(𝜉) − 3𝜉𝑀𝐻0(𝜉)]𝑡 

𝐺(𝑡) =
𝑀𝐻0(𝜉) + [𝑀𝐻1(𝜉) − 3𝜉𝑀𝐻0(𝜉)]𝑡

1 − 3𝜉𝑡 + 2𝑡2
 

Theorem 4 Generating function for Mersenne-Lucas hybrinomial sequence {𝑀𝐿𝐻𝑛(𝜉)} is 

𝐹(𝑡) =
𝑀𝐿𝐻0(𝜉) + [𝑀𝐿𝐻1(𝜉) − 3𝜉𝑀𝐿𝐻0(𝜉)]𝑡

1 − 3𝜉𝑡 + 2𝑡2
 

where 𝑀𝐿𝐻0(𝜉) = 2 + 3𝜉𝑖 + 𝜀(9𝜉2 − 4) + ℎ(27𝜉3 − 18𝜉) and 𝑀𝐿𝐻1(𝜉) = 3𝜉 + 𝑖(9𝜉2 − 4) + 𝜀(27𝜉3 − 18𝜉) +

ℎ(81𝜉4 − 72𝜉2 + 8). 

Proof  

Let 𝐹(𝑡) = ∑ 𝑀𝐿𝐻𝑛(𝜉)𝑡𝑛∞
𝑛=0   

𝐹(𝑡) = 𝑀𝐿𝐻0(𝜉) + 𝑀𝐿𝐻1(𝜉)𝑡 + 𝑀𝐿𝐻2(𝜉)𝑡2 + 𝑀𝐿𝐻3(𝜉)𝑡3 + ⋯ 

Multiplying by −3𝜉𝑡 and 2𝑡2, we get 

−3𝜉𝐹(𝑡)𝑡 = −3𝜉𝑀𝐿𝐻0(𝜉)𝑡 − 3𝜉𝑀𝐿𝐻1(𝜉)𝑡2 − 3𝜉𝑀𝐿𝐻2(𝜉)𝑡3 − ⋯ 

2𝐹(𝑡)𝑡2 = 2𝑀𝐿𝐻0(𝜉)𝑡2 + 2𝑀𝐿𝐻1(𝜉)𝑡3 + 2𝑀𝐿𝐻2(𝜉)𝑡4 + ⋯ 

By adding these above three equalities, we get 

𝐹(𝑡)(1 − 3𝜉𝑡 + 2𝑡2) = 𝑀𝐿𝐻0(𝜉) + [𝑀𝐿𝐻1(𝜉) − 3𝜉𝑀𝐿𝐻0(𝜉)]𝑡 

𝐹(𝑡) =
𝑀𝐿𝐻0(𝜉) + [𝑀𝐿𝐻1(𝜉) − 3𝜉𝑀𝐿𝐻0(𝜉)]𝑡

1 − 3𝜉𝑡 + 2𝑡2
 

Theorem 5 (Binet formula) 

 Let 𝑛 ≥ 0 be any integer. Then 

𝑀𝐻𝑛(𝜉) =
𝓆1

𝑛(𝜉)

𝓆1(𝜉) − 𝓆2(𝜉)
[1 + 𝑖𝓆1(𝜉) + 𝜖𝓆1

2(𝜉) + ℎ𝓆1
3(𝜉)] −

𝓆2
𝑛(𝜉)

𝓆1(𝜉) − 𝓆(𝜉)
[1 + 𝑖𝓆2(𝜉) + 𝜖𝓆2

2(𝜉) + ℎ𝓆2
3(𝜉)] 

where 𝓆1(𝜉) =
3𝜉+√9𝜉2−8

2
 and 𝓆2(𝜉) =

3𝜉−√9𝜉2−8

2
. 

Proof  

𝑀𝐻𝑛(𝜉) = 𝑀𝑛(𝜉) + 𝑖𝑀𝑛+1(𝜉) + 𝜀𝑀𝑛+2(𝜉) + ℎ𝑀𝑛+3(𝜉) 

               =
𝓆1

𝑛 (𝜉)−𝓆2 
𝑛 (𝜉)

𝓆1 (𝜉)−𝓆2 (𝜉)
+ 𝑖

𝓆1
𝑛+1(𝜉)−𝓆2

𝑛+1(𝜉)

𝓆1(𝜉)−𝓆2(𝜉)
+ 𝜖

𝓆1
𝑛+2(𝜉)−𝓆2

𝑛+2(𝜉)

𝓆1(𝜉)−𝓆2(𝜉)
+ ℎ

𝓆1
𝑛+3(𝜉)−𝓆2

𝑛+3(𝜉)

𝓆1(𝜉)−𝓆2(𝜉)
 

               =
𝓆1

𝑛(𝜉)

𝓆1(𝜉)−𝓆2(𝜉)
[1 + 𝑖𝓆1(𝜉) + 𝜖𝓆1

2(𝜉) + ℎ𝓆1
3(𝜉)] −

𝓆2
𝑛(𝜉)

𝓆1(𝜉)−𝓆2(𝜉)
[1 + 𝑖𝓆2(𝜉) +                          𝜖𝓆2

2(𝜉) + ℎ𝓆2
3(𝜉)] 

Theorem 6 (Binet formula) 

Let 𝑛 ≥ 0 be any integer. Then 

𝑀𝐿𝐻𝑛(𝜉) = 𝓆1
𝑛(𝜉)[1 + 𝑖𝓆1(𝜉) + 𝜖𝓆1

2(𝜉) + ℎ𝓆1
3(𝜉)] + 𝓆2

𝑛(𝜉)[1 + 𝑖𝓆2(𝜉) + 𝜖𝓆2
2(𝜉) + ℎ𝓆2

3(𝜉)] 

where 𝓆1(𝜉) =
3𝜉+√9𝜉2−8

2
 and 𝓆2(𝜉) =

3𝜉−√9𝜉2−8

2
. 
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Proof  

𝑀𝐿𝐻𝑛(𝜉) = 𝑀𝐿𝑛(𝜉) + 𝑖𝑀𝐿𝑛+1(𝜉) + 𝜀𝑀𝐿𝑛+2(𝜉) + ℎ𝑀𝐿𝑛+3(𝜉) 

                 = [𝓆1
𝑛(𝜉) + 𝓆2

𝑛(𝜉)] + 𝑖[𝓆1
𝑛+1(𝜉) + 𝓆2

𝑛+1 (𝜉)] + 𝜖[𝓆1
𝑛+2 (𝜉) + 𝓆2

𝑛+2(𝜉)] +                          ℎ[𝓆1
𝑛+3(𝜉) +

𝓆2
𝑛+3(𝜉)] 

                 = 𝓆1
𝑛(𝜉)[1 + 𝑖𝓆1(𝜉) + 𝜖𝓆1

2(𝜉) + ℎ𝓆1
3(𝜉)] + 𝓆2

𝑛(𝜉)[1 + 𝑖𝓆2(𝜉) + 𝜖𝓆2
2(𝜉) +                         ℎ𝓆2

3(𝜉)]. 

For simplicity of notation let 

𝔔(𝜉) = 𝓆1(𝜉) − 𝓆2(𝜉) 

𝔔2(𝜉) = 9𝜉2 − 8 

∧1 (𝜉) = 1 + 𝑖𝓆1(𝜉) + 𝜖𝓆1
2(𝜉) + ℎ𝓆1

3(𝜉) 

∧2 (𝜉) = 1 + 𝑖𝓆2(𝜉) + 𝜖𝓆2
2(𝜉) + ℎ𝓆2

3(𝜉) 

𝓆1(𝜉)𝓆2(𝜉) = 2 

We can write Binet formulas for Mersenne hybrinomial and Mersenne-Lucas hybrinomial sequences as 

𝑀𝐻𝑛(𝜉)  =  
𝓆1

𝑛(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑛(𝜉)

𝔔(𝜉)
∧2 (𝜉) 

𝑀𝐿𝐻𝑛(𝜉) = 𝓆1
𝑛(𝜉) ∧1 (𝜉) + 𝓆2

𝑛(𝜉) ∧2 (𝜉) 

Theorem 7 For 𝑛 ≥ 0, exponential generating functions for Mersenne hybrinomial and Mersenne-Lucas hybrinomial 

sequences are 

∑ 𝑀𝐻𝑛(𝜉)
𝑡𝑛

𝑛!

∞

𝑛=0

=
∧1 (𝜉) 

𝔔(𝜉)
𝑒𝓆1(𝜉)𝑡 −

∧2 (𝜉) 

𝔔(𝜉)
𝑒𝓆2(𝜉)𝑡 

∑ 𝑀𝐿𝐻𝑛(𝜉)  
𝑡𝑛

𝑛!

∞

𝑛=0

 =  ∧1 (𝜉)𝑒𝓆1(𝜉)𝑡 + ∧2 (𝜉)𝑒𝓆2(𝜉)𝑡 

Proof 

∑ 𝑀𝐻𝑛(𝜉)
𝑡𝑛

𝑛!

∞

𝑛=0

= ∑ [
𝓆1

𝑛(𝜉) ∧1 (𝜉) − 𝓆2
𝑛(𝜉) ∧2 (𝜉)

𝔔(𝜉)
]

𝑡𝑛

𝑛!

∞

𝑛=0

 

  =
∧1(𝜉)

𝔔(𝜉)
∑

𝓆1
𝑛(𝜉)𝑡𝑛

𝑛!

∞
𝑛=0 −

∧2(𝜉)

𝔔(𝜉)
∑

𝓆2
𝑛(𝜉)𝑡𝑛

𝑛!

∞
𝑛=0  

  =
∧1(𝜉) 

𝔔(𝜉)
𝑒𝓆1(𝜉)𝑡 −

∧2(𝜉) 

𝔔(𝜉)
𝑒𝓆2(𝜉)𝑡 

∑ 𝑀𝐿𝐻𝑛(𝜉)
𝑡𝑛

𝑛!

∞

𝑛=0

= ∑[𝓆1
𝑛(𝜉) ∧2 (𝜉) + 𝓆2

𝑛(𝜉) ∧2 (𝜉)]
𝑡𝑛

𝑛!

∞

𝑛=0

 

    =∧1 (𝜉) ∑
𝓆1

𝑛(𝜉)𝑡𝑛

𝑛!

∞
𝑛=0 −∧2 (𝜉) ∑

𝓆2
𝑛(𝜉)𝑡𝑛

𝑛!

∞
𝑛=0  

    =∧1 (𝜉)𝑒𝓆1(𝜉)𝑡 +∧2 (𝜉)𝑒𝓆2(𝜉)𝑡 
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Theorem 8  

 Let 𝑛 ≥ 0, 𝑠 ≥ 0 be integers such that 𝑛 ≥ 𝑠, then 

𝑀𝐻𝑛−𝑠(𝜉)𝑀𝐻𝑛+𝑠(𝜉) − [𝑀𝐻𝑛(𝜉)]2 =
2𝑛

𝔔2(𝜉)
[∧2 (𝜉)  ∧1 (𝜉) (1 −

𝓆1
𝑠(𝜉)

𝓆2
𝑠(𝜉)

) +∧1 (𝜉)  ∧2 (𝜉) (1 −
𝓆2

𝑠(𝜉)

𝓆1
𝑠(𝜉)

)] 

and  

𝑀𝐿𝐻𝑛−𝑠(𝜉)𝑀𝐿𝐻𝑛+𝑠(𝜉) − [𝑀𝐿𝐻𝑛(𝜉)]2 = 2𝑛 [∧2 (𝜉)  ∧1 (𝜉) (
𝓆1

𝑠(𝜉)

𝓆2
𝑠(𝜉)

− 1) +∧1 (𝜉)  ∧2 (𝜉) (
𝓆2

𝑠(𝜉)

𝓆1
𝑠(𝜉)

− 1)] 

Proof 

𝑀𝐻𝑛−𝑠(𝜉)𝑀𝐻𝑛+𝑠(𝜉) − [𝑀𝐻𝑛(𝜉)]2 

=
𝓆2

𝑛(𝜉)𝓆1
𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)

𝔔2(𝜉)
(1 −

𝓆1
𝑠(𝜉)

𝓆2
𝑠(𝜉)

) +
𝓆1

𝑛(𝜉)𝓆2
𝑛(𝜉) ∧1 (𝜉) ∧2 (𝜉)

𝔔2(𝜉)
(1 −

𝓆2
𝑠(𝜉)

𝓆1
𝑠(𝜉)

) 

=
2𝑛

𝔔2(𝜉)
[∧2 (𝜉)  ∧1 (𝜉) (1 −

𝓆1
𝑠(𝜉)

𝓆2
𝑠(𝜉)

) +∧1 (𝜉) ∧2 (𝜉) (1 −
𝓆2

𝑠(𝜉)

𝓆1
𝑠(𝜉)

)] 

𝑀𝐿𝐻𝑛−𝑠(𝜉)𝑀𝐿𝐻𝑛+𝑠(𝜉) − [𝑀𝐿𝐻𝑛(𝜉)]2 

= (𝓆1
𝑛−𝑠(𝜉) ∧1 (𝜉) + 𝓆2

𝑛−𝑠(𝜉) ∧2 (𝜉))(𝓆1
𝑛+𝑠(𝜉) ∧1 (𝜉) + 𝓆2

𝑛+𝑠(𝜉) ∧2 (𝜉))

− (𝓆1
𝑛(𝜉) ∧1 (𝜉) + 𝓆2

𝑛(𝜉) ∧2 (𝜉))(𝓆1
𝑛(𝜉) ∧1 (𝜉) + 𝓆2

𝑛(𝜉) ∧2 (𝜉)) 

= 𝓆2
𝑛(𝜉)𝓆1

𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉) (
𝓆1

𝑠(𝜉)

𝓆2
𝑠(𝜉)

− 1) + 𝓆1
𝑛(𝜉)𝓆2

𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉) (
𝓆2

𝑠(𝜉)

𝓆1
𝑠(𝜉)

− 1) 

= 2𝑛 [∧2 (𝜉)  ∧1 (𝜉) (
𝓆1

𝑠(𝜉)

𝓆2
𝑠(𝜉)

− 1) +∧1 (𝜉)  ∧2 (𝜉) (
𝓆2

𝑠(𝜉)

𝓆1
𝑠(𝜉)

− 1)] 

For 𝑠 = 1, we obtain Cassini identities for Mersenne hybrinomials and Mersenne-Lucas hybrinomials.  

Theorem 9  

 For 𝑛 to be any positive integer, then 

𝑀𝐻𝑛−1(𝜉)𝑀𝐻𝑛+1(𝜉) − [𝑀𝐻𝑛(𝜉)]2 =
2𝑛−1

𝔔(𝜉)
[∧1 (𝜉)  ∧2 (𝜉) 𝓆2(𝜉) −∧2 (𝜉)  ∧1 (𝜉)𝓆1(𝜉)] 

and  

𝑀𝐿𝐻𝑛−1(𝜉)𝑀𝐿𝐻𝑛+1(𝜉) − [𝑀𝐿𝐻𝑛(𝜉)]2 = 2𝑛−1[∧2 (𝜉)  ∧1 (𝜉)𝓆1(𝜉) −∧1 (𝜉)  ∧2 (𝜉)𝓆2(𝜉)] 

 

Theorem 10 Let 𝑛 ≥ 0, 𝑚 ≥ 0 be integers such that 𝑚 ≥ 𝑛. Then 

𝑀𝐻𝑚(𝜉)𝑀𝐻𝑛+1(𝜉) − 𝑀𝐻𝑚+1(𝜉)𝑀𝐻𝑛(𝜉) =
2𝑛

𝔔(𝜉)
[𝓆1

𝑚−𝑛(𝜉) ∧1 (𝜉) 𝓆2
∗ (𝜉) − 𝓆2

𝑚−𝑛(𝜉) ∧2 (𝜉)  ∧2 (𝜉)] 

and 

𝑀𝐿𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛+1(𝜉) − 𝑀𝐿𝐻𝑚+1(𝜉)𝑀𝐿𝐻𝑛(𝜉) = 2𝑛𝔔(𝜉)[𝓆2
𝑚−𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉) − 𝓆1

𝑚−𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)] 
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Proof 

𝑀𝐻𝑚(𝜉)𝑀𝐻𝑛+1(𝜉) − 𝑀𝐻𝑚+1(𝜉)𝑀𝐻𝑛(𝜉) 

=
𝓆2

𝑚(𝜉)𝓆1
𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)

𝔔2(𝜉)
(𝓆2(𝜉) − 𝓆1(𝜉)) +

𝓆1
𝑚(𝜉)𝓆2

𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)

𝔔2(𝜉)
(𝓆1(𝜉) − 𝓆2(𝜉)) 

=
[𝓆1

𝑛(𝜉)𝓆2
𝑛(𝜉)]𝓆1

𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)

𝔔(𝜉)
−

[𝓆2
𝑛(𝜉)𝓆1

𝑛(𝜉)]𝓆2
𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)

𝔔(𝜉)
 

=
2𝑛

𝔔(𝜉)
[𝓆1

𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉) − 𝓆2
𝑚−𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)] 

𝑀𝐿𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛+1(𝜉) − 𝑀𝐿𝐻𝑚+1(𝜉)𝑀𝐿𝐻𝑛(𝜉) 

= 𝓆2
𝑚(𝜉)𝓆1

𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)(𝓆1(𝜉) − 𝓆2(𝜉)) + 𝓆1
𝑚(𝜉)𝓆2

𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)(𝓆2(𝜉) − 𝓆1(𝜉)) 

= 𝔔(𝜉){[𝓆2
𝑛(𝜉)𝓆1

𝑛(𝜉)]𝓆2
𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉) − [𝓆1

𝑛(𝜉)𝓆2
𝑛(𝜉)]𝓆1

𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)} 

= 2𝑛𝔔(𝜉)[𝓆2
𝑚−𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉) − 𝓆1

𝑚−𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)] 

Theorem 11 Let 𝑛 ≥ 0, 𝑚 ≥ 0 be integers then 

i.𝑀𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛(𝜉) − 𝑀𝐿𝐻𝑚(𝜉)𝑀𝐻𝑛(𝜉) 

=
2

𝔔(𝜉)
[𝓆1

𝑚(𝜉)𝓆2
𝑛(𝜉) ∧1 (𝜉) ∧2 (𝜉) − 𝓆2

𝑚(𝜉)𝓆1
𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)] 

ii.𝑀𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛(𝜉) + 𝑀𝐿𝐻𝑚(𝜉)𝑀𝐻𝑛(𝜉) =
2

𝔔(𝜉)
[𝓆1

𝑚+𝑛(𝜉) ∧1 (𝜉)2  − 𝓆2
𝑚+𝑛(𝜉) ∧2 (𝜉)2] 

Proof 

i.𝑀𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛(𝜉) − 𝑀𝐿𝐻𝑚(𝜉)𝑀𝐻𝑛(𝜉) 

             = (
𝓆1

𝑚(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑚(𝜉)

𝔔(𝜉)
∧2 (𝜉)) (𝓆1

𝑛(𝜉) ∧1 (𝜉) + 𝓆2
𝑛(𝜉) ∧2 (𝜉)) − (𝓆1

𝑚(𝜉) ∧1 (𝜉) +

                     𝓆2
𝑚(𝜉) ∧2 (𝜉)) (

𝓆1
𝑛(𝜉)

𝒬(𝜉)
∧1 (𝜉) −

𝓆2
𝑛(𝜉)

𝒬(𝜉)
∧2 (𝜉)) 

             =
2𝓆1

𝑚(𝜉)𝓆2
𝑛(𝜉)∧1(𝜉) ∧2(𝜉)

𝔔(𝜉)
−

2𝓆2
𝑚(𝜉)𝓆1

𝑛(𝜉)∧2(𝜉) ∧2(𝜉)

𝔔(𝜉)
 

             =
2

𝔔(𝜉)
[𝓆1

𝑚(𝜉)𝓆2
𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉) − 𝓆2

𝑚(𝜉)𝓆1
𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)] 

ii.𝑀𝐻𝑚(𝜉)𝑀𝐿𝐻𝑛(𝜉) + 𝑀𝐿𝐻𝑚(𝜉)𝑀𝐻𝑛(𝜉) 

             = (
𝓆1

𝑚(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑚(𝜉)

𝔔(𝜉)
∧2 (𝜉)) (𝓆1

𝑛(𝜉) ∧1 (𝜉) + 𝓆2
𝑛(𝜉) ∧2 (𝜉)) + (𝓆1

𝑚(𝜉) ∧1 (𝜉) +

                     𝓆2
𝑚(𝜉) ∧2 (𝜉)) (

𝓆1
𝑛(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑛(𝜉)

𝔔(𝜉)
∧2 (𝜉)) 

             = 2
𝓆1

𝑚+𝑛(𝜉)∧1(𝜉)2

𝔔(𝜉)
− 2

𝓆2
𝑚+𝑛(𝜉)∧2(𝜉)2

𝔔(𝜉)
 

             =
2

𝔔(𝜉)
[𝓆1

𝑚+𝑛(𝜉) ∧1 (𝜉)2  − 𝓆2
𝑚+𝑛(𝜉) ∧2 (𝜉)2] 

Theorem 12 Let 𝑛 ≥ 0, 𝑟 ≥ 0, 𝑠 ≥ 0 be integers then 
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𝑀𝐻𝑛+𝑟(𝜉)𝑀𝐿𝐻𝑛+𝑠(𝜉) − 𝑀𝐻𝑛+𝑠(𝜉)𝑀𝐿𝐻𝑛+𝑟(𝜉)

=
2𝑛 ∧1 (𝜉)  ∧2 (𝜉)

𝔔(𝜉)
[𝓆1

𝑟(𝜉)𝓆2
𝑠(𝜉) − 𝓆1

𝑠(𝜉)𝓆2
𝑟(𝜉) ]    −

2𝑛 ∧2 (𝜉)  ∧1 (𝜉)

𝔔(𝜉)
[𝓆2

𝑟(𝜉)𝓆1
𝑠(𝜉) − 𝓆2

𝑠(𝜉)𝓆1
𝑟(𝜉) ] 

Proof 

𝑀𝐻𝑛+𝑟(𝜉)𝑀𝐿𝐻𝑛+𝑠(𝜉) − 𝑀𝐻𝑛+𝑠(𝜉)𝑀𝐿𝐻𝑛+𝑟(𝜉) 

= (
𝓆1

𝑛+𝑟(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑛+𝑟(𝜉)

𝔔(𝜉)
∧2 (𝜉)) (𝓆1

𝑛+𝑠(𝜉) ∧1 (𝜉) + 𝓆2
𝑛+𝑠(𝜉) ∧2 (𝜉))

− (
𝓆1

𝑛+𝑠(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑛+𝑠(𝜉)

𝔔(𝜉)
∧2 (𝜉)) (𝓆1

𝑛+𝑟(𝜉) ∧1 (𝜉) + 𝓆2
𝑛+𝑟(𝜉) ∧2 (𝜉)) 

=
𝓆1

𝑛(𝜉)𝓆2
𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉)

𝔔(𝜉)
[𝓆1

𝑟(𝜉)𝓆2
𝑠(𝜉) − 𝓆1

𝑠(𝜉)𝓆2
𝑟(𝜉) ] −

𝓆2
𝑛(𝜉)𝓆1

𝑛(𝜉) ∧2 (𝜉)  ∧1 (𝜉)

𝔔(𝜉)
[𝓆2

𝑟(𝜉)𝓆1
𝑠(𝜉) − 𝓆2

𝑠(𝜉)𝓆1
𝑟(𝜉) ] 

=
2𝑛 ∧1 (𝜉)  ∧2 (𝜉)

𝔔(𝜉)
[𝓆1

𝑟(𝜉)𝓆2
𝑠(𝜉) − 𝓆1

𝑠(𝜉)𝓆2
𝑟(𝜉) ] −

2𝑛 ∧2 (𝜉)  ∧1 (𝜉)

𝔔(𝜉)
[𝓆2

𝑟(𝜉)𝓆1
𝑠(𝜉) − 𝓆2

𝑠(𝜉)𝓆1
𝑟(𝜉) ] 

Theorem 13 Let 𝑛 ≥ 0 then 

𝔔2(𝜉)[𝑀𝐻𝑛(𝜉)]2−[𝑀𝐿𝐻𝑛(𝜉)]2 = −2𝑛+1[∧1 (𝜉)  ∧2 (𝜉) +∧2 (𝜉) ∧2 (𝜉)] 

Proof 

𝔔2(𝜉)[𝑀𝐻𝑛(𝜉)]2−[𝑀𝐿𝐻𝑛(𝜉)]2 

= 𝔔2(𝜉) [
𝓆1

𝑛(𝜉)

𝔔(𝜉)
∧1 (𝜉) −

𝓆2
𝑛(𝜉)

𝔔(𝜉)
∧2 (𝜉)]

2

− [𝓆1
𝑛(𝜉) ∧1 (𝜉) + 𝓆2

𝑛(𝜉) ∧2 (𝜉)]2 

= −2𝓆2
𝑛(𝜉)𝓆1

𝑛(𝜉) ∧2 (𝜉) ∧1 (𝜉) − 2𝓆1
𝑛(𝜉)𝓆2

𝑛(𝜉) ∧1 (𝜉)  ∧2 (𝜉) 

= −2𝑛+1[∧1 (𝜉)  ∧2 (𝜉) +∧2 (𝜉)  ∧1 (𝜉)] 

Conclusion 

In this communication, we introduced and studied polynomials which are a generalization of Mersenne hybrid numbers 

and so called Mersenne hybrinomials. We associated Lucas numbers with Mersenne hybrinomials. In the same angle, one 

may search for Mersenne hybrinomials with hypercomplex numbers and so on. 
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