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Abstract:

In this paper, we introduce the Mersenne representation hybrinomials, that is, polynomials which are a generalization of
Mersenne hybrid numbers. Also, we present some properties of Mersenne hybrinomials. We obtain generating functions,
exponential generating functions and Binet formulas for Mersenne and Mersenne - Lucas hybrinomials. Also, we verify
some well-known identities for Mersenne and Mersenne - Lucas hybrinomials.
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Introduction

Some studies about Mersenne sequence have been published such as [5] and Mersenne-Lucas sequence were introduced
in [7]. Many papers are dedicated to Mersenne sequence such as [3, 8, 10, 11]. More generalization can be found in [2].
A natural extension of Mersenne sequence is given by Mersenne polynomial and defined as follows.

For any variable quantity &, the Mersenne polynomial M,,(¢) is defined as M,,(§) = 3¢éM,,_,(§) — 2M,,_,(¢) forn = 2
with My(§) = 0, My () = 1.

The Mersenne-Lucas polynomial ML, (§) is defined as ML, (&) = 3¢éML,,_,(§) — 2ML,_,(¢) for n = 2 with initial
terms MLy (&) = 2, ML, (&) = 3&. For polynomial representation one can refer [1, 4].

Binet formulas for Mersenne and Mersenne-Lucas polynomials are of the form

a1 (&) — g3(&)

M) = O =0 ®

and

ML, () = g7 () + g2 (5)

where g, (¢) = Ed 'k V:EZ_B g,(&) = B8 Vzgfz_s are roots of the characteristic equation x2 — 3&x + 2 = 0.

Ozdemir [9] defined hybrid numbers # as a composition of dual, complex, hyperbolic numbers satisfying the relation
ih = —hi =i + ¢ and it is of the form

H =2zy+ zi+ 2y + z3h,
where zy,2,2,,23 € R and i, & h are operators such that i2 = —1, 2 =0, h? = 1.

We can associate Mersenne and Mersenne-Lucas numbers with hybrid numbers, we get the nth Mersenne hybrid number
M3, and the nth Mersenne-Lucas hybrid number MLH,, are defined as
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Mg'[n = Mn + iMn+1 + EMn+2 + th+3
MLH, = MLy, + iMLy,,; + eMLy,,, + hML,, 5
where i, &, h are hybrid units, see [12, 14].

In [6, 13] Liana et al introduced Pell and Pell-Lucas hybrinomials, Fibonacci and Lucas hybrinomials. The main aim of
this paper is to introduce Mersenne hybrinomials.

For n > 0, Mersenne and Mersenne-Lucas hybrinomials are defined by
MH,(§) = My (§) + iMypy1(§) + eMpy2(§) + AMyp45(8)

and

MLH,(§) = MLp(§) + iMLy 41 ($) + €MLyy5(§) + hM Ly, 5(8)

where M, (&) is the nth Mersenne polynomial and MLH,, (§) is the nth Mersenne-Lucas polynomial and i, &, h are
hybrid units.

For example, MHs($) = Ms($) + iMe($) + eM7(§) + hMg($),
where Mg (§) = 8183 — 5482 + 4,
M(§) = 2438* — 21683 + 36¢,
M, (§) = 72985 — 6488* — 16263 + 2162 — 8,
Mg(§) = 21876 — 19445 — 972* + 1080&3 — 96¢.
Also, MLH,(§) = ML,(§) + iMLs(§) + eMLg (&) + hML,(§),
where ML, (§) = 81&* — 72&% + 8,
ML () = 24385 — 27083 + 60¢,
MLg(§) = 72986 — 972&* + 32482 — 16,
ML, (¢) = 2187§7 — 340265 + 1512&3 — 168¢.
For & = 1, we obtain Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers.
Theorem 1 For any variable quantity &, we have
MH,(§) = 3§MH,_1(§) — 2ZMH,,_,(§) forn = 2
with MH, (&) = i + €(38) + h(982 —2) and MH,;(§) = 1 +i(38) + (982 — 2) + h(27&3 — 12¢).
Proof
If n = 2 we have
MH,(§) = 3§MH,(§) — 2MH,($)
=3&[1 4+ i(38) + £(9¢% — 2) + h(2783 — 128)] — 2[i + (3¢) + h(9¢? — 2)]
=38 +i(982 —2) + £(2783 — 12&) + h(81&* — 54&2 + 4)
= My(§) + iM5(8) + eM,(§) + hMs(§)
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By using the definition of Mersenne polynomial we have
MH,(§) = My (8) + iMpyy () + Myyz (§) + hMyy5 (§)

= [3§My—1 (§) = 2My— (©) ] + i[3EMy, (§) — 2Mpyy (§) ] + €[3EMyiq (§) — 2M, () 1+
h[3EMysz (§) — 2My4q (§) ]

= 3§MH,_, (§) — 2MH,,_, (§)
Theorem 2 For any arbitrary quantity &, we have
MLH, (&) = 3¢MLH,_,(§) —2MLH,_,(¢) forn = 2

With MLHy(8) = 2 + 3&i + £(9€% — 4) + h(27&3 — 188) and MLH, (&) = 3¢ + i(9&2 — 4) + £(27&3 — 18¢) +
h(81&% — 7282 + 8).

Proof
If n = 2 we have
MLH,(§) = 3§MLH,(§) — 2MLH,($)

= 3E[3€ + i(982 — 4) + (2783 — 188) + h(81* — 7282 + 8)] — 2[2 + 3&i +
£(92 — 4) + h(278% — 188)]

= (982 — 4) + i(2783 — 188) + £(81* — 7262 + 8) + h(2438* — 27083 + 60¢)
= ML,(§) + iMLy(§) + eML,(§) + hMLg(£)

By using the definition of Mersenne-Lucas polynomial we have

MLH,(§) = MLy(§) + iMLpyq (§) + MLz (§) + AMLp,3 (§)

= [3EML,_4 (§) — 2MLy,_, (§) ] + i[3EML, (§) —2ML,_, (&) ] + e[3EMLy.q (§) —
2IVILn (f) ] + h[ngLrHZ (f) - 21\/1Ln+1 (6) ]

= 3¢MLH,,_, (§) — 2MLH,,_, ().
Theorem 3 The generating function for Mersenne hybrinomial sequence {MH,,(¢)} is

MH,(§) + [MH,(§) — 3§MH, (9]t

G(t) =
© 1 — 38t + 2t2

where MHy(§) =i + £(38) + h(9¢2 — 2) and MH, (§) = 1+ i(38) + £(962 — 2) + h(27&% — 12§)
Proof

Let G(t) = X%, MH,, (£)t™ be the generating function of the Mersenne hybrinomial sequence. Then
G(t) = MHy(&) + MH, ()t + MH,(&)t? + MH;(&)t3 + -

Multiplying by —3&t and 2¢2, we get

—38G(t)t = —3EMHy (&)t — 3EMH, (§)t? — 3EMH, (&)t3 — -

2G()t? = 2MH,(8)t? + 2MH, (§)t3 + 2MH,(&)t* + -+

By adding these above three equalities, we get
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G(O)(A — 38t + 2t%) = MHy(§) + [MH,(§) — 3§MH, (9]t

MH,y (&) + [MH(§) — 3§MH,(§)]t
1 — 3¢t + 2t2

G() =

Theorem 4 Generating function for Mersenne-Lucas hybrinomial sequence {MLH,, ()} is

MLH,(§) + [MLH,(§) — 3§ MLHy(§)]t
1 — 38t + 2t2

F(t) =
where MLHy(§) = 2 + 3&i + €(982 — 4) + h(27&3 — 188) and MLH, (§) = 3¢ + i(98% — 4) + £(27&% — 18¢) +
h(81&* — 7282 + 8).

Proof

Let F(t) = Y=o MLH, ()t

F(t) = MLHy(§) + MLH, (&)t + MLH,(§)t? + MLH;(&)t3 + -+

Multiplying by —3¢&t and 2t2, we get

—3&F ()t = —3EMLH,(§)t — 3 MLH, (§)t? — 3EMLH, (§)¢3 — -+

2F(t)t? = 2MLH,(8)t? + 2MLH, (§)t® + 2MLH, (§)t* + ---

By adding these above three equalities, we get

F(t)(1 — 3&t + 2t?) = MLH, (&) + [MLH, (&) — 3EMLH,(&)]¢t

MLH,(§) + [MLH,(§) — 3§ MLHy(§)]t
1 — 38t + 2t2

F(t) =

Theorem 5 (Binet formula)

Let n > 0 be any integer. Then

_a@® | , WA . , .
MH,($) MGEYAG) [1+4ig.(5) + €gi(§) + hgi(§)] MGEYIG) [1+ig,(5) +€q3($) + hg3(9)]
where g, (¢) = Lﬂzshs and g,(¢) = 735_6"‘2_8.

Proof

MHn(f) = Mn(f) + iMn+1(St) + 5Mn+2(f) + th+3(f)

_ b ®©-q3® | . qtTH O a2 (©)-a32 ) a3 (©)-q33 @)

IAGEAG) l 41(§)-42(%) € 41(§)-42(8) 41(§)-42(8)
_ ‘l?(f) . 2 3 _ %g(f) . 2 3
= o, L T 141(9) +€qi(§) + hai (D] - - s [1+iga(8) + €q3(&) + ha3 ()]

Theorem 6 (Binet formula)
Let n > 0 be any integer. Then

MLH, (&) = gT(O)[1 +ig,(§) + €7 (§) + hgi (O)] + g3 (O[1 + ig, () + €g5(&) + hg3(§)]

3445878 /58

where g, (£) = 225 and g,(§) = =2
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Proof

MLH,(§) = MLp(§) + iMLypy1(§) + MLy, 2(§) + hMLy,5(8)

= [g7(&) + a5 O] +ilg7™ (&) + g5+ (O] + elgl*? (©) + g3 (O)] + h[g7*3(&) +
a5 ()]

= a7 (O[1 +iq:(5) + €41 (D) + hai (O] + gF (D1 +ig,(9) + €45 (D) + ha3(§)].
For simplicity of notation let
Q) = 41§ = 42(5)
Q) = 9§82 -
M (§) =1+ig:(@) +€qi(©) + hgi(®)
A2 (§) = 1+iq,(§) + €a3(®) + ha3 ()
31(§)q2() =2
We can write Binet formulas for Mersenne hybrinomial and Mersenne-Lucas hybrinomial sequences as

G PG
2 " aE

MLH,(§) = q1'(§) A1 () + 62 (§) Az (§)

Theorem 7 For n > 0, exponential generating functions for Mersenne hybrinomial and Mersenne-Lucas hybrinomial
sequences are

MH,(§) = Az (§)

N " MO e 2 e
D ME(©) = e = L e

Z MLH, (&) :l—r: =N (f)e%(f)t + A, (g)eqz(f)t
n=0 '

Proof

- "~ [a7E) M () — a3 () Ay (B)] T
ZMH“(S()E=Z[ : NG —|a
n=0 n=0

_ M@y @O @) ve 97E@t"
D(f)z n! D(f)z n!

— MO a1t _ 228 g,
Q&) Q)

D ML, @ = = > [41) Az () +a3(©) Ay ()] =
n=0 n=0

_Al (E) Zoo %1(5!” Az (5) Zoo 92 &)t (f)t

=A; (§)e®1®t 4, (§)ed2)t
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Theorem 8

Letn > 0, s > 0 be integers such that n > s, then

NG 1(5)( "‘g) AL A (é’)( —Zlg)]

n

_ 2 —
MHy,_s(§)MHy5(§) — [MH, ()] 6]

and

B s om 31(§) ) (45(5)_ )]
MLH,_s(§)MLH,5(§) — [MLH,($)]* = 2 [/\2 &) M (€)<%§(5) 1)+ () A2 (©) PHE) 1

Proof
MHn—s (f)MHn+s (E) - [MHn (f)]z

B ©aFE) A (O AL (1 B czf(f)) RHOGTHOINGING <1 B @3(5))
22§ G) 22(9) HG)

" 31(5) 33(5)
Qz(f) [AZ (E) 1 (f) ( S(f)) +A1 (f) AZ (f) <1 - S(s))]

MLHn—s(f)MLHn+S(€) - [MLHn(E)]Z

= (@1 A () +a277(8) A2 (DI@T(E) A () + 27 (D) A2 (D)
= (@1 (6) AL () +a2(8) A2 (D)1 (6 A1 () +a2() A2 ()

e 31 (§) n 3:)
=a5(©)a1 () Ay () A (§) (43(;‘) >+@1(€)@z(<’) M (§) Ay (§) (4%(6) 1)
o 31(§) AN

=2"|A; () A1 (©) (65;(5) 1) +A () A2 (D) (Qf@ 1)]

For s = 1, we obtain Cassini identities for Mersenne hybrinomials and Mersenne-Lucas hybrinomials.
Theorem 9

For n to be any positive integer, then

n-1

MHy 2 (OMHnn ) = MH (DT = 5

(A1 (§) A2 (§) 42(8) =2 (§) A1 (§)g1(S)]

and

MLH,_;(§)MLH, 11 (§) — [MLH, (§)]* = 2" [A, (&) A1 (£)41(8) —A1 (§) Az (§)g,(8)]

Theorem 10 Let n > 0,m = 0 be integers such that m > n. Then

n

(Y

MH,, (§)MHy 41 (§) — MHp 11 (O MH,(8) = [ A1 (§) 42(8) — a2 (§) A2 (§) Az ()]

and

MLHy (§)MLHy 41 (§) = MLH 41 (MLH,(E) = 2"()[q2" (6 Az (§) A1 (§) — a7 () Az (§) A1 ()]
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Proof

MHm (g)MHn+1 (f) - MHm+1(€)MHn(§)

_ 42941 §) A () A () 31" (a7 A () A2 (§)

(32(8) — a:(9) +

(31(9) — 32(9)

{6 {9
_ [41)az(D]a () AL ) A2 §) _ [92(D)ai()]gz ™" () M (§) A2 ()
Q) Q)

n

T2®
MLHy, (§)MLHy 41 (§) — MLHy, 11 ($)MLH, ($)

= a3 (a1 () A2 () M (D(31() = 32(D) + a7 (a3 () A (©) A2 ()(32(D) — 31 (D)
= (O Uaz (a1 (D]az () M () Az (©) = [41(9az(D)]aT () A () A2 (D)}

= 2"(H)[az7" () Az (©) AL (©) = a7 () AL (§) Az (§)]

Theorem 11 Let n > 0,m > 0 be integers then

(477 (§) A1 (§) A2 (§) =47 ™ (§) A2 (§) A1 (9]

i.MH,,,()MLH, (§) — MLH,,(§)MH, ()
2
= 5@ [F OB A O A2 () = aFOaFE) A2 () A ©))

i.MH,, (§)MLH,(§) + MLH,, (§)MH,($) = éf) (477 () AL (©)? — a5 ™ (©) Ay (§)?]
Proof

I.MHp, (§)MLH, (§) — MLH, (§)MH, ($)

= (£2n, ©) - LD 1, ©) @EE A (©) +a5E) A, €)) - @I A () +
a3 h ) (EE2 M © - L8, ©)

_ 241" ©azOME) 12 _ 247" el D29 A2(€)
(¢ (§)

= 255 [ ©a3(©) A (©) Az () = aF (i) A, (§) M (D]

i.MH,, ($)MLH, (§) + MLH,, ()M H,,(§)

= (L0 © - L2, ©) @EEO A ©) +a5E) A, () + @O A () +
m e 1169}
a7 h ) (EE M © -LEn, ©)

— paOME? 5 a2
() )

2

=30 [T (&) Ay (6)% — P (&) A, (6)?]

Theorem 12 Letn > 0,7 = 0, s = 0 be integers then
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MHn+r (E) MLHn+s (E) - MHn+s (f)MLHn+r (6)

_ 2" A () A2 ()
Q&)

277- 2 1
a1©a36) - 411 -2 D 050416 - 43(6a7©

Proof

MHn+T (6) MLHn+s (f) - MHn+s (f)MLHn+r (f)

_ (97 ©) 43"’ (§)
_< 2 O~ am (f))@zl ©) A (©) + a3+ (©) Ay ()
- (—Qg(g D () - %Tg) As (6)) @) M (©) + a3 (@) A, ()

_ 41492 A (€) A2 (§)

_2AE) A )

32($)ai () A2 (§) A ()

[41(a3() —31(§)q2(5) ] - [42(a1 () — 43($)g1(5) ]

() Q&)

2" A2 () M)

[47(§)a3() —ai(©)az() ] - 20

Q(é) [42()ai(€) —q3(H)gqi ()]

Theorem 13 Let n = 0 then

QOIMH, (O =[MLH, (O] = =2""[A1 (§) Az (§) +12 () Az (§)]

Proof

Q&) [MH,(§)]*~[MLH,(9)]?

= %9

a1t (€) a3 (&)
NGORG]

Ay (O = [87() M (©) +a5(8) Ay (D))

= =245(at () A2 () M (§) = 2417 ($) A (§) Az (§)
= =21 A1 (§) Az (©) A2 (§) AL (D]

Conclusion

In this communication, we introduced and studied polynomials which are a generalization of Mersenne hybrid numbers
and so called Mersenne hybrinomials. We associated Lucas numbers with Mersenne hybrinomials. In the same angle, one
may search for Mersenne hybrinomials with hypercomplex numbers and so on.
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