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Abstract: In an Almost Distributive Fuzzy Lattice (ADFL), the concept of S-ideals is introduced, and some significant
features of these ideals are derived. S-ideals are used to categorise ADFLs. Prime ideals were also confirmed in ADFL.
For the class of all S-ideals to become a DFL to the lattice of all ideals, a set of analogous requirements is stated, leading
to the characterization of an ADFL.
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1. Introduction

U. M. Swamy and G. C. Rao, [5] proposed the concept of Almost Distributive Lattices (ADL) as a generalisation
of an Almost Distributive Lattices (ADLS) [6], which was a common abstraction of almost all existing ring
theoretic generalisations of a Boolean algebra on the one hand and distributive lattices on the other hand.
However, L. A. Zadeh [7] introduced the concept of a fuzzy set in 1965. A fuzzy ordering, according to L.A. Zadeh [8],
is a transitive fuzzy relation that is an elaboration of the concept of ordering. A fuzzy partial ordering is a
reflexive and anti-symmetric fuzzy ordering in particular. In 1994, N. Ajmal and K. V. Thomas [1] created fuzzy sub
lattices and built a fuzzy lattice as a fuzzy algebra. Based on Zadeh's fuzzy order concept, I. Chon [4] presented a
novel notion of fuzzy lattices and investigated the level sets of fuzzy lattices in 2009. He also provided the
notions of distributive and modular fuzzy lattices, as well as the essential characteristics of fuzzy lattices.

Berhanu et al. [2] proposed Almost Distributive Fuzzy Lattices (ADFLs) as a generalisation of Distributive Fuzzy
Lattices and defined various characteristics of an ADL using I. Chon's fuzzy partial order relations and fuzzy
lattices. B. Assaye and B. Tarekegn [10] extended the crisp notion to analogues of an ADFL, as well as the smallest
ideal and smallest filter encompassing a non- empty subset of R of an ADFL. In[9], G.C. Rao and S. Ravi Kumar
found that some results on an ADL's minimal prime ideal. [10] C.G. Rao, N. Rafi, and Ravi Kumar Bandaru [3] presented
S-ideals and derived certain fundamental characteristics of Almost Distributive Lattices.

The concept of S-ideals is described using filters in an Almost Distributive Fuzzy Lattices in this paper (ADFL).
According to numerous properties of these S-ideals, the set of all S-ideals of an ADFL produces a complete practically
distributive fuzzy lattice. We establish a set of comparable requirements for the class of all S-ideals to create a fuzzy
lattice of all ideals to characterise ADFL.

2. Preliminaries
We'll review some basic concepts and outcomes in this section.
Definition 2.1. [2] Let (R, Vv, A, 0) be an algebra of type (2,2,0) and we call (R, A) is an Almost Distributive Fuzzy

Lattice (ADFL) if the following condition satisfied:
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(1) A(a,a Vv 0) = A(aV0,a) = 1;

(2) A(0,0Aq) = A(0A g, 0) =1;

B)A(avb)Ac,(anc)Vv(bac)) =A(anc)Vv(bAc),(avb)Ac) =1,
@ A(an(bve),(@arb)vianc)=A((arb)Vv(anc)an(bVc))=1;
B)A(av(bAc),(avb)a(ave)=A(avb)A(ave),aVv(bAc))=1;
(6) A((av b)Ab,b) = A(b,(aV b)Ab) =1, forall a,b,c €R.

Definition 2.2. [10] Let L be an ADFL and I be any non empty subset of R. Then [ is said to be an ideal of
an ADFL L, if it satisfies the following axioms:

(1) a, b € I implies that av b €I,
(2) a € I, b € R implies that aAb € I.

Definition 2.3. [12] A prime ideal of L is called a minimal prime ideal if it is a minimal element in the set
of all prime ideals L ordered by set inclusion.

Theorem 2.4.[13] Let L be an ADL. Then a prime ideal P is minimal if and only if for any x € P, there exist
an elementy ¢ P such thatx Ay = 0.

Definition 2.5. [3] LetS be asub-ADL of R. An ideal I of R is called aS- ideal of R if

I = (I n S]. AnS— ideal I is called a S— prime ideal of R if,I N S is a prime ideal of S, and S— maximal
ideal if I N S is a maximal ideal of S. It can be observed that every

S— maximal ideal is aS— prime ideal.
3. §- ldeals in Almost Distributive Fuzzy Lattices

The concept of S- ideals is expanded in Almost Distributive Fuzzy Lattice in this section. (R, A) stands for an
ADFL (R, A, v, 0, 1) throughout this work.

Definition 3.1. Let (R, A) be an ADFL and S be asub - ADFL. Anideal I; of (R, A) is called a S-ideal if Iy =(I N S]
={x € R|A(x A s5,0) >0V s € S}
Example 3.2. Let (R, A) = {0, a,b,c, 1} be an ADFL whose Hasse diagram is given in the following figure

ol

ac ob

Figure 1: Hasse diagram of the ADFL (R,A) = {0,a,b,c, 1}.
Consider I = {0, atand S = {0, b,c, 1}
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Clearly I is an ideal of (R,A)and S is an ideal of sub- ADFL ( R,A)

~Is=(In S]= {0,a,b,c,1} = A(0,0)>0

Clearly (R, A) is a fuzzy poset, and if it satisfies the ADFL conditions. Therefore, I is a
S —ideal in ADFL.

Theorem 3.3. Let ( R, A) be a ADFL and S be a sub — ADFL ( R, A). Then the set

I;={x €R| A(x As, 0) > 0Vs €S} isanS$ -ideal of (R, A).
Proof: Let ( R, A) be an ADFL and S be a sub- ADFL ( R, A). By the definition S — ideal ADL, subsequent conditions.
x,y€EIl=xANy€eland x€Il,yER= xAs€eINS
The Set I; is defined by Iy = {x € R| A(xA 5, 0) >0V s€ S}
Therefore, we get A (x As, 0) > 0 (-x is a dense element)
=2A(0As, 0)> 0
= A(0, 0)> 0.
Clearly 0 € I
=~ I is non — empty.
Letx,y €el;0and (y A0, 0) > 0O,Vs€ES.
Therefore every x; € I such that { A ((A=,x; )A's, 0)> 0,V s € S}
= L=(InS]={A((ANLx; )A 5,00>0VseE S}
Hence I; = (I N S] is an I - ideal of (R, A) bean ADFL.
Lemma 3.4. For any Ideal I of an ADFL ( R, A), then s is a S —ideal in (R, A).
Proof: Clearly 0 € I;. Let x, y € I. Then, A((a A s),0) = A((bAw),0)>0
forsome s, u € S.
Now A ((avb)A(sA u), 0)>0
=>A(((a A sAuwV(bA sA u))0) >0
=>A(O0OA WV((DA UA s5)),00>0 (aAs=bAu=0)

:A((ov(s/\ 0)), 0)>0

= A((0v 0),0)> 0

=>A(0,0)> 0
Hence A((a Vv b), 0) € I. Again, let a € I and x € R.
Then A(( a A's), 0) > 0for some s€S.
Now A((aAx)As, 0)> 0

= A((xA 0),0)> 0
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= A(0,0)> 0

SoA((anx), 0) €.

Thus Igis an S- ideal in (R, A).
Definition 3.5. For any ideal I isan ADFL ( R, A), the set
I;=(In S]={xe€ RIA(xA 5,00 >0V s€ S} is anS- ideal of (R, A). It is called an annihilator S — ideal
of (R, 4).
Remark 3.6. For any ideal I of ADFL ( R, A).

The set I ={x € R[A(x A 5,0) >0V s € S}.This I;is an S — ideal of ADFL ( R, A).

The set S (L) is set of all S — ideals of (R,A) is a bounded ADFL with least element {0} and greater element
(R, A), forany I, Js € S(L), the supremum element of I and J is defined by

Isn]s ={A((@Ab),0)>0|a€l,b €]} and the infimum element is defined by
I v]s={A((avb),0)>0]|a€l,b €]}
Theorem 3:8. Let I and J¢ be any two S — ideals of an ADFL (R,A). ThenIs AJs and I Vv ] are also S — ideals
of (R,A),where i AJs=IsnJsand I V]s ={xVy|x € gandy € Js}.

Proof: Let (R, A) be a ADFL and s and J¢ be any two S — ideals of ADFL (R, A). Since I and J¢ be non-empty,
take x and y from Is and J; respectively.

Now, since (xA y) € I, Jsand x = xV(xA y)€EL Vjsand y=(xA YA Y€ELV], xE€IV]sand y €
IsVv]s.Hence Is Vs # ¢

i) Leta,b€elgV]js. Then there exist x,y € [yand u, v € Jgsuchthata = xV uand
b=yVv v

Then(xV u)A(aVv b)eElgand (yV v)A(aV b) €]
Now, Is = A(aV b,(xV w)V(yV v))

=A(aVvhb, (xvVuwVv(yvv)A(aV b))

=A(av b,(((xVy)v(qu))/\(av b)))>0

and similarly, Is = 4 (((x Va) v (y vv)),a vV b)
=A(((xv MV @V)ACav b)), av b)>0

Hence aV b=(((xv YV (uv v))A(aVb)) €LV /s
ii) Let a € IV Js and x € R. Then there exists x € I and u € Jg such that a = x V u.
Since I and Jg are S - ideals of (R,A),aAx € [gand a A u € Jg and it implies that
(anx)v(anw)€elV]
Now, A(aAc,(xA )V (uA c)))=A(a/\c,((xVu)/\ c))

=A(anNn c,an c)>0
=A(0,0)>0

HenceaAc € IV Js.

Thus IV Jgisa S - ideal of (R, A). Toshow IgAJgis aS - ideal of (R,A). Thena,b € Iyand a, b € J; and it follows
thatavb elgandavb € js. HenceaVv b € I AJs.
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iii) LetaelsAnjsand c e R, thena € ls and a € Jg since aAc € I, Js , aAc € Is A Js (By the definition of ideal).
Hence Ig A Jgisa S - ideals of (R, 4).

Definitions 3.9. A S — ideal M < L is said to be a maximal S — ideal there exist any S — ideal, I in (R, A)
such that M & I;. Every proper S — ideal of (R, A) is contained in the maximal

S — ideal.

Theorem 3.10. If (R, A) isan ADFL contained the maximal S — ideal. Then every proper
S — ideal of R is contained in a maximal S— ideal of R.

Proof: Let (R, A) isan ADFL contained the maximal S — ideal. Therefore, there exist any

S — ideal I in (R, A) such that M & I; not smaller than any other element in R. Let M of R is a proper S —
ideal it contained a maximal element. This implies M of R does not contained in any proper S— ideal of R.
Therefore, M is a maximal of S— ideal of ADFL. Hence every proper S — ideal of R is contained in a maximal
ideal M.

Theorem 3.14. Let (R, A) be a ADFL and I be an S- ideal of (R, A). Then
(In S]={xeR|A(x,(NLis;)Ax) >0Vs; €S ,x €Randn € N} is the smallest
S —ideal of (R, A) containing S.
Proof: Let Is bea S — ideal of (R, A). Since S # ¢, thereexist S € I < (R, A) such that
A(s, (N=ysi) A s)=A(s,(sV sV..VS)A s)

=A(s, SA s)

=A(s, s)>0where s; = sVi= 12,..n
Hence S € (I nS] and itimpliesthat (I N ST # ¢
Let a, b€ (INS].
Then A(a, (Ays:) A @) > 0 and A(b, (A%4t;) Ab) > 0 for some s; , tje S.
Since (R,A) isa ADFL, a = A\l_;s; Aaand b = AL;t; Ab
Nowlet{ry | k=12..n+m}={s;| i= 1, 2..n} n{g|j=1,..m}
Hence, we have ARZT rq = ALs; V AfL;t; where s;,t; € S and it implies that
k€S, Vk=12...n+ m

Then ACa Vv b, (AR2T rg) A(aVb))

=A(aVvb,((N1siVv Niitj) A(avb))

=A(aV b, (N2 siV ALit) Aa) V(AL sV ALLt) Ab))
=A(aVvb,((Nzys)Aa) vV (ALE) Aa)) v (((Aizgsi) Ab) V((AL1t;) ADb)))
=A(avb,((aVv (ARt;) Aa)) Vv (g si) AD) VD)

=A(avb,avb)> 0

=A(0, 0)>0

Hence a,b € (I n S]
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Finally, let a € (In S]and x € R Then A(a, (Al-;s;) Aa) > 0 forsomes; €S
Now, A(a Ax, (A=1s; ) A (aAx)) =A(a Ax,(A=is;) Aa) Ax)

=A(aAx,aAx) >0

Hence x € (INS]
Thus (INS] is an S — ideal of [ = (R, A)

Now, let s € S, then A(s; (Al=;s;)As)=1>0.wheres; =SVi=12..n
Hences € (In S] and it follows thatS c (I nS]
Toshow (I NnS] is the smallest S — ideal containing S.
Let us consider an S — ideal I5if (R, A) such thatS c I
Let a € (I nS]. Then A(a, (Al=;s;) Aa) > 0 wheres; € S (since S € I5),s; € Ig and I isan S —ideal A-;s; € L.
On the other hand, ((AlL;s;) Aa,a A (Al=;s;)) € Isand then a = (AjL;s;) Aa € L.
Hence a € I and it follows that (I nS] S g
Thus (I nS] is the smallest S — ideal of (R,A) containing S. Hence proved.
In the following theorem we proved the characterization of S — ideals in ADFL.
Theorem 3.15. Let (R, A) be an ADFL. Then the following are equivalent.
1. (R, A)isan DFL.
2. Every ideal is an S — ideal.
3. Every annihilator ideal isan S —ideal.
4.Forx € (R, A), I is an S —ideal.
Proof: (1) = (2).
Assume that (R, A) isan DFL. LetI be an ideal of (R, A).
Consider the setI; = {x € R|[A(xAs, 0) > 0V s € S}
First, we prove that Is is a S — ideal of (R, A).
Letx,y € I then A(x As, 0) > 0 and A(y As, 0) > 0Vs€eS. Since (R, A) isan ADFL.
~ We get A(0,xAs)> 0 and A(0, yAs)> OVsES.
This impliesxAs= 0 andyAs=0Vs€ES
A((xVy) As, 0) = A((x/\s) V (y As), O)
=A((0V 0), 0)
=4(0,0)> 0
~ We getxVvye€ I
Again letx € Iy and r € R. Then we get A(x As, 0) > Oand A(r As, 0)> 0
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=2>A((xVvr)As, 0) :A((x/\ S)V(rAas), 0)
=A((ov 0), 0)
=A4(0,0)> 0
~ We get x v r € I. Therefore I is an ideal of ( R, A).
Now, we show thatl = I;.
Letx €l;. ThenxAf = 0 for some f € I;. Hencex € (I N S]
Now f € I = A(xAf, 0)> 0 for somex€ I =A(0,0)> OVx€EI
~ We getxAf € I. Thereforelg €I ------ (1)
Conversely, letx € I since (R, A) be an ADFL there exist y € R such that
{yeRIA(yAx, 0)> OVx € I}. Sincexel, we getye L. Alsox € I; =y.
Hence x € 5. Thus I C [ --—---- (2).
Therefore (1) and (2) we get I = 1.
Thus I is an S - ideal.
Hence every ideal is an S — ideal.
(2) = (3), Since every annihilator S- ideal is an ideal, it is clear.
(3) = (4), Since I is an annihilator ideal, it is obvious.
(4)=> (1), Let x € R, I is an S- ideal. This implies I =I; of (R, A).
Letx,y € R,since A(x A y,(x A YA ) =A((x/\ VAN Y, XA y) =1
then (x, x A y) €. AISOA(yA y, yA y) =1.Hence (y, y) € I.
Since I is anS — ideal on (R, A) implies (xV y,(xA y)V y) € L.
SA(xV YA Y, yAY) =AYV y,(xV YIAY) =1
~ (R,A) is an Almost Distributive Fuzzy Lattice.
Hence (R, A) is an ADFL. Hence proved.

Conclusion: Several features of S — ideals in ADFL were proved in this paper. S — ideals theorems in ADFL were also
studied. Finally, we conclude that the results of our S — ideals characterization reveal a link between ADL and ADFL.
Future study will focus on the isomorphism of ADFL as well as the congruence of ideals and filters in ADFL.
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