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ABSTRACT 

The formation of more complex structures from the well-known simplest structures is a general way of thought 

in all endeavours, and the extension of the live properties of easiest structures to the toughest structures is an usual 

attempt. In this paper, -a domination number of the Cartesian product of  elementary semigraphs with several edges and 

two middle vertices are discussed. 
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1. Introduction 

      A −a  dominating set is that, subset C  of A  in which  if for every CAb −  there exists Ca  such that a  

and b   are adjacent. The minimum cardinality of such a set C  is called −a domination number of the semigraph P . 

It is denoted as )(Pa . 

      In 1990, S. T. Hedetniemi et.al [3] discussed some basic definitions of domination parameters. In 2003, E. S. S. 

Kamath and R. S. Bhat [2] studied domination in semigraphs. In [4, 5, 6] N. Murugesan and D. Narmatha studied 

domination number of Cartesian product of path semigraphs.   

2. Definition 

 

      Consider two path semigraphs 1P  and 2P  with vertex set 1A and 2A  and edge set 1B  and 2B  respectively. The 

Cartesian product of 1P  and 2P  ie., 1P □ 2P  is defined as  

1P □ 2P = ( )2121 ,A BBA   such that 21A A  = ( ) 21i ,/,a AaAaa jij   and  

i. Any vertex 1Aa  and any edge ( )tbb ,....,,bB 21=  in 2B , ( ) ( ) ( )( )tbaba ,,......,,,ba, 21  is an element of 

21B B  and also 

ii. Any edge ( )raa ,....,,aB 21=  in 1B  and for any vertex 2Ab , ( ) ( ) ( )( )babab r ,,......,,,,a 21  is an element 

of 21B B .  

Dominations in semigraphs was discussed in [1]. 

2.1  Theorem 

γa [ ( )( )11msP □ ( )( )1nmsP ] = 3 
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Proof: 

         Let  ( )( )11msP  be a path semigraph with single edge having only one middle vertex. When 1n = ,   ( )( )1nmsP

becomes ( )( )11msP .  

 

Fig. 2.1 ( )( )11msP                                     Fig. 2.2 ( )( )11msP  

The following figure represents ( )( )11msP □ ( )( )11msP  

 

Fig. 2.3 ( )( )11msP □ ( )( )11msP  

          In the above figure, if we select any three vertices from each row otherwise in each column forms a minimal a-

dominating set. i.e., from the above fig., the semigraph which contains minimum number of vertices that vertices are 

enough to dominate all the other vertices  in that graph. Hence γa [ ( )( )11msP □ ( )( )11msP ] = 3. 

Next put 2n = , ( )( )11msP □ ( )( )1nmsP  becomes ( )( )11msP □ ( )( )12msP . 

 

Fig.2.4 ( )( )11msP □ ( )( )12msP  

         From the above figure (triangles) it can be easily observed that   

γa [ ( )( )11msP □ ( )( )12msP ] = 3. Similarly γa [ ( )( )11msP □ ( )( )1nmsP ] = 3. 

2.2  Note 

i. γa [ ( )( )1nmsP □ ( )( )11msP ] = 3. 
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ii. γa [ ( )( )1nmsP □ ( )( )1rmsP ] = γa [ ( )( )1rmsP □ ( )( )1nmsP ] = r, if nr  .                                            

2.3  Lemma 

i. γa [ ( )( )12msP □ ( )( )12msP ] = 4 

ii. γa [ ( )( )22msP □ ( )( )12msP ] = 4 

iii. γa [ ( )( )n2msP □ ( )( )12msP  ] = 
( )

( )
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where .....3,2,1=p  

 

Proof: 

   Consider a path semigraph with single edge having exactly two middle vertices, it is denoted as ( )( )12msP . For 

calculating the minimal a-domination number for the Cartesian product graph  ( )( )12msP  and ( )( )12msP , consider the above 

mentioned two graphs with labeling 4,3,2,1, =iai  and 4,3,2,1, =jb j  as shown below. 

 

            ( )( )12msP                                                ( )( )12msP  

Fig. 2.5 Single edge path semigraph with 2 middle vertices 

( )( )12msP □ ( )( )12msP  represents the Cartesian product of the above two graphs. It is also a graph containing the vertex set 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) 
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The following figure represents the Cartesian product graphs of the above figure. 
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Fig. 2.6 ( )( )12msP □ ( )( )12msP  Semigraph 

 

In the above semigraph ( ) ( ) ( ) ( )44411411 ,,,,,,, babababa  are end vertices, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )4342343124211312 ,,,,,,,,,,,,,,, babababababababa  are middle-end vertices and 

( ) ( ) ( ) ( )33322322 ,,,,,,, babababa are middle vertices. 

  

From fig. 2 any one vertex taken in each row or any one vertex taken in each column ie., 4 vertices form a minimal a- 

dominating set. 

a [ ( )( )12msP □ ( )( )12msP ] = 4. 

 

Consider the path semigraphs 

 

 

 

Fig. 2.7 ( )( )12msP                                       Fig. 2.8 ( )( )12msP  

 

The Cartesian product of the above two graphs is given below. 

 

 
 

Fig. 2.9 ( )( )22msP □ ( )( )12msP  

In the above graph the vertex set ( ) ( ) ( ) ( ) 44342414 ,,,,,,, babababa  form a minimal a- dominating set. 

  a [ ( )( )22msP □ ( )( )12msP ] = 4. 

 

To prove (iii), let us assume ,....4,3,2,1,3 == ppn  can be noted that the semigraph ( )( )22msP □ ( )( )12msP  is of order 

436 +p and of size 121 +p . 

 

Consider the path semigraph with 2 edges and 4 middle vertices. 
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Fig. 2.10 ( )( )22msP  Semigraph 

 

In fig.2.10 the vertex 4a  dominates the adjacent vertices 1a , 2a , 3a , 5a , 6a , 7a . It is noted that the grid ( )( )22msP □

( )( )12msP  containing 40 vertices with exactly 4 copies of ( )( )22msP . Therefore ( ) ( ) ( ) ( )44342414 ,,,,,,, babababa  are 

the exactly 4 vertices dominating the other adjacent vertices in that edge. Also the semigraph ( )( )n2msP □ ( )( )12msP , 

,....4,3,2,1,3 == ppn  containing p copies of ( )( )22msP □ ( )( )12msP . Hence the set 

( ) ( ) 4,3,2,1....,2,1,59...,22,13,4/, ==−== jppibaU ji  

 

with 4k (may be end or middle-end) vertices construct a minimal a-dominating set which dominates all the other vertices 

in ( )( )n2msP □ ( )( )12msP  apart from ( ) ( ) ( ) ( )419319219119 ,,,,,,, babababa tttt −−−−  and 

( ) ( ) ( ) ( )49392919 ,,,,,,, babababa tttt , pt ,......,4,3,2,1=  vertices and the vertices 

( ) ( ) ( ) ( )419319219119 ,,,,,,, babababa rrrr ++++ . Note that for all pt ,......,4,3,2,1=  the vertices 

( ) ( ) ( ) ( )419319219119 ,,,,,,, babababa tttt −−−−  form an edge 19 −tE (say) and ( ) ( ) ( ) ( )49392919 ,,,,,,, babababa tttt  

form an edge tE9 (say) with ( ) ( ) ( ) ( )4191194919 ,,,,,,, babababa tttt −−  middle-end vertices and 

( ) ( ) ( ) ( )3192193929 ,,,,,,, babababa tttt −−  middle vertices in which any one vertex from the edge 19 −tE  and one vertex 

from the edge tE9 dominates all the other vertices in that edge. Hence p vertices must be taken i.e., any one vertex from 

each edge to dominates the vertices ( ) ( ) ( ) ( )419319219119 ,,,,,,, babababa tttt −−−−  and 

( ) ( ) ( ) ( )49392919 ,,,,,,, babababa tttt
, pt ,......,4,3,2,1= . At the end if we select only one vertex from 

( ) ( ) ( ) ( )( )41931921911919 ,,,,,,, babababaE rrrrr +++++ =  the corresponding set containing 6p+1 vertices, where 

pn 3=  which is a minimal a-dominating set in ( )( )n2msP □ ( )( )12msP . Hence a [ ( )( )n2msP □ ( )( )12msP ] = 1
3

6 +






 n
if 

kn 3= . 

 

Next, ,....4,3,2,1,13 =+= ppn The Cartesian product graph ( )( )n2msP □ ( )( )12msP  when 13 += pn  contains all the 

vertices of ( )( )n2msP □ ( )( )12msP  when pn 3=  and also the vertices 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,,, 439339239139429329229129 babababababababa rrrrrrrr ++++++++  

 

( ) ( ) ( ) ( )449349249149 ,,,,,,, babababa rrrr ++++ . Hence for selecting vertices from the edges 

( ) ( ) ( ) ( )( )41931921911919 ,,,,,,, babababaE rrrrr +++++ = , the corresponding set form a minimal a-dominating set. 

Hence a [ ( )( )n2msP □ ( )( )12msP ] when 13 += pn is a [ ( )( )n2msP □ ( )( )12msP +1].  

 

Therefore a [ ( )( )n2msP □ ( )( )12msP ] = 2
3

1
626116 +







 −
=+=++

n
pp . 

At the end, let 23 += pn . It can be observed that a [ ( )( )n2msP □ ( )( )12msP ] is same for 23,13,3 ++= pppn  from 

th edge ( ) ( ) ( ) ( )( )413121111 ,,,,,,, babababaE =  to ( ) ( ) ( ) ( )( )43933923913929 ,,,,,,, babababaE ppppp −−−−− = . For 

various values of n, a  changes based on the remaining edges. The list of remaining edges is given below. 
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S.No. n Edges Minimal a- dominating vertices 

1 p3  

19919

293949

,,

,,,

+−

−−−

ppp

ppp

EEE

EEE
 

( ) ( ) ( )41949419 ,,,,, bababa ppp +−  

2  

3 1p +  
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,,

,,,

,,,

+++
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ppp

ppp

ppp
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( ) ( ) ( ) ( )419319219119 ,,,,,,, babababa pppp ++++  

3 23 +p  
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( ) ( ) ( ) ( )
( ) ( )449349
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,,,

,,,,,,,,
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pp
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++

++−
 

 

   Table: Minimal a-dominating vertices 

Therefore from the second and third row of the above table, it can be easily understood that, when n increases by one, 

a  increases by two.  

Therefore a [ ( )( )n2msP □ ( )( )12msP ] ,when 23 += pn is  

a [ ( )( )n2msP □ ( )( )12msP +2]= 4
3

2
646226 +







 −
=+=++

n
pp . Hence the lemma. 

Conclusion 

 In this research work, γa [ ( )( )n2msP □ ( )( )12msP ] was discussed briefly. 
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