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1. Introduction

An ideall[7]onaspace(X,t)isanon-emptycollectionofsubsetsof Xwhichsatisfiesthefollowingconditions.
(1) AclandBCAimplyB&land
(2) AclandBelimplyAuBel.

Givenaspace(X,t)withan
ideallonXifP(X)isthesetofallsubsetsofX,asetoperator(.)*:P(X)—P(X),calledalocalfunctionofAwithrespecttota

ndlisdefinedasfollows:forACX,A* (I,t)={xeX:UNAZlforeveryUet (x) }wheret (X)={Uect:xcU}[1]. The

closure operator defined by cl*(A) = A U A* (I, t) [8] is a Kuratowski closure operator whichgenerates a
topologyt* (I, t) called the *-topology which is finer then T. We will simply write
A*forA*(l,t)andt*fort* (I,7).Iflisan idealonX,then(X,t,I)iscalledan idealtopologicalspaceoran idealspace.

Parimalaetal.[4,3]introducedanewnotionsofnano ideal topologicalspaces.

Inthispaper,weintroducetheconceptsofnano ideal K-set,nano ideal O-set,nano ideal K,-setandnano ideal O,-
setareinvestigateanddeal withnano ideal topologicalspaces.

2. Preliminaries

Definition2.1.[5]

LetUbeanon-emptyfinitesetofobjectscalledtheuniverseandRbeanequivalence relation on U named as the
indiscernibility relation.Elements belonging to the sameequivalence class are said to be indiscernible with

one another.The pair (U, R) is said to be theapproximationspace.LetX<U.

(1) The lower approximation of X with respect to R is the set of all objects, which can be forcertain
classifiedasXwithrespecttoRanditisdenotedbyL g (X).Thatis,Lr(X)=Uycy{R(X):R(X) = X},whereR(

S
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x)denotestheequivalenceclassdeterminedbyx.
(2) TheupperapproximationofXwithrespecttoRisthesetofallobjects,whichcanbe

S
possiblyclassifiedasXwithrespecttoRanditisdenotedbyUr(X).Thatis,Ug(X)= yx<=y{R(X):R(X)
NX# ¢}.

(3) TheboundaryregionofXwithrespecttoRisthesetofallobjects,whichcanbeclassifiedneitherasX
norasnot-X withrespecttoR and it is denoted by Bg(X). That is,Br(X)=Ugr(X)—Lr(X).

Definition2.2. [2]Let U be the wuniverse, R be anequivalence relation on U and tr(X)
={U,p,Lr(X),Ur(X),Br(X)}whereX cU.ThenR(X)satisfiesthefollowingaxioms:

(1) Uandepetr(X),
(2) Theunionoftheelementsofanysubcollectionoftr(X)isintr(X),

(3) Theintersectionoftheelementsofanyfinitesubcollectionoftr(X)isintr(X).

Thus tr(X) is a topology on Ucalled the nano topology with respect to X and (U, tr(X)) is calledthe nano
topological  space. The eclements of 1r(X) are called nano-open sets (briefly n-open
sets). Thecomplementofananoopensetiscallednanoclosed.

Throughout paper,we denote a nano topological space by NTS. The nano-interior and nano-
closureofasubsetCofUaredenotedbyNint(C)andNcl(C),respectively.

A nano topological space NTS with an ideal I on U is called [4] an nano ideal topological
spaceandisdenotedbyINTS.H,(X)={H,|x&€ H,,H,€1:(X)},denotes[4]thefamilyofnanoopensetscontainingx.

Definition 2.3. [4] Let INTS be a space with an ideall on U . Let (.)'be a set operator from
P(U)toP(U)(P(U) is the set of all subsets of U).For a subset C ='U, A™ (I, (X)) = {x € U

‘HLNCEI1 foreveryG,,eG,, (x) }iscalledthenanolocalfunction(briefly,nanolocalfunction)
ofCwithrespecttolandtr(X).WewillsimplywriteC MforC™(L,tr(X)).

Theorem?2.4.[4]LetINTSbheaspaceandCandBbesubsetsofU.Then

(1) ceB=Cc™NcB™,

(2) C*N= Ncl(C™)=Ncl(C)(C isananoclosedsubsetofNcl(C)),
@)™,

@) (cuB)yN=c™NuB™,
BG)Vewr(X)=vncN=vnvnc)Nc(vnc)™,
(6)Jel=(Cud)™N=Cc"N=c-n".

Theorem?2.5.[4]LetINTSheaspacewithan ideallandC<C™,the C™=Ncl(C™)=NcI(C).
Definition2.6. [4] Letan INTS. The setoperator Ncl“called a nano *-closure is defined by
Ncl*(C)=CcucC™forCc X.

ItcanbeeasilyobservedthatNcl (C)=Ncl(C).
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Theorem?2.7.[3]InaspacelNTS,ifCandBaresubsetsofU,thenthefollowingresultsaretrueforthesetoperatorNcl .
(1) C=Ncl’(C),
(2) Ncl’(¢)=¢andNcl (U)=U,
(3) IfCCB,thenNcl (C)=Ncl’(B),

(4) Ncl’(C)UNcl*(B)=Ncl"(CUB).
(5) Ncl"(Ncl*(C))=Ncl*(C).

Definition2.8.[6]AsubsetCofspacelNTSissaidtobe

(1) an nano ideal a-open ifCCNint(Ncl (Nint(C))),

(2) an nano ideal pre-open ifCCNint(Ncl(C)).

3. OnK-setsandnanoO-setsin nano ideal spaces
Definition3.1.AsubsetCofaspacelNTSiscalled

(1) nano ideal K-setifNint(C)=Nint(Ncl*(C)),

(2) nano ideal O-setifC=QNP,whereQisnanoopenandPisnano ideal K-set,

(3) nano ideal K,-setifNint(C)=Nint(Ncl*(Nint(C))),

(4) nano ideal O,-setifC=QNP,whereQisnanoopenandPisnano ideal K,-set.
Example3.2.LetU={1,2,3,4} withU/R={{2},{4},{1,3} }andX={3,4}.Thentg(X)=
{o,U,{4},{1,3},{1,3,4} }andlI={p,{3} }.

(1) theset{2}isnano ideal K-set.

(2) theset{4%}isnano ideal K,-set.

(3) theset{2,3}isnano ideal O-set
(4) theset{1,3}isnano ideal O,-set

Remark3.3.InalNTS,
(1) eachnanoopensetisnano ideal O-set.

(2) eachnano ideal K-setisnano ideal O-set.

Remark3.4. The converses of Remark3.3 are not true as shown in the next Examples.

Example3.5. InExample3.2,
(1) theset{2}isnano ideal O-setbutnotnanoopenset.

(2) theset{1,3,4}isnano ideal O-setbutnotnano ideal K-set.

Proposition 3.6.Let P and Q be subsets of a space INTS. If P and Q are nano ideal K-
sets,thenPNQisnano ideal K-set.

Proof. LetPandQbenano ideal K-sets. ThenwehaveNint(PNQ)c Nint(Ncl*(PNQ))c
Nint(Ncl*(P)NNcl*(Q)=Nint(Ncl*(P))NNint(Ncl*(Q))=Nint(P) "Nint(Q)=Nint(PNQ).
ThenNint(PNQ)=Nint(Ncl*(PNQ))andhencePNQisnano ideal K-set.
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Example3.7. InExample3.2,
P={1,3}andQ={3,4}isnano ideal K-set. ButPNQ={3}isnano ideal K-set.

Proposition3.8.ForasubsetCofaspacelNTS,the next conditions are be quivalent:
(1) Cisnanoopen,

(2) Cisnano ideal pre-openandnano ideal O-set.

Proof.(1)2> (2):LetCbenano open. Then C= Nint(C) < Nint(Ncl’(C)) and C isnano ideal pre-
open.AlsobyRemark3.3Cisnano ideal O-set.

(2) =(1):Given Cisnano ideal O-set.SoC=HNnKwhereHisnanoopenandNint(K)=Nint(Ncl(K)). Then C
c H = Nint(H). Also, C is ideal anano pre-open implies C cNint(Ncl(C))c Nint(Ncl*(K)) =
Nint(K) by assumption. Thus C c Nint(H) N Nint(K)
=Nint(HNnK)=Nint(C)andhenceCisnanoopen.

(3)

Remark 3.9. In a space INTS, nano ideal pre-open sets and nano ideal O-sets are independent.

Example3.10.InExample3.2,
(1) theset{1,4}isnano ideal pre-openbutnotnano ideal O-set.
(2) theset{2}isnano ideal O-setbutnotnano ideal pre-open.
Remark3.11.lnaspace,
(1) each nano ideal K,-setis nano ideal O,-set.
(2) eachnanoopensetis nano ideal O,-set.
Example3.12.InExample3.2,
(1) theset{1,3,4}is nano ideal O,-setbutnotnano ideal K,-set.
(2) theset{1}is nano ideal O,-setbutnotnanoopenset.
Proposition3.13.1fPandQare nano ideal K,-setsofaspaceINTS,thenPNQisa nhano ideal K,-set.

Proof.Let P and Q be nano ideal K,sets.Then we have Nint(P NQ) c  Nint(Ncl"(Nint(P
NQ)))cNint[Ncl (Nint(P))NNcl (Nint(Q))]=Nint(Ncl (Nint(P))) "Nint(Ncl " (Nint(Q)))=Nint(P) "\Nint(
Q)=Nint(PNQ).ThenNint(PNQ)=Nint(Ncl (Nint(PNQ)))andhencePNQisnano ideal K,-set.
Example3.14.InExample3.2,

theset{2,3} andtheset{1,2}isnano ideal K,-set.Butintersectionofbothsetsfortheset{2}is nano ideal K,-set.

Proposition3.15.ForasubsetCofaspacelNTS,thenextconditionsareequivalent:

(1) Cisnanoopen.

(2) Cisnano ideal a-openandnano ideal O,-set.

Proof.(1)= (2):LetCbenanoopen.TheNc=Nint(C)cNcl (Nint(C))andC=Nint(C)c
Nint(Ncl*(Nint(C))).
ThereforeCisnano ideal a-open.AlsobyRemark3.11(1),Cisnano ideal Oq-set.
(2)=(1):Given Cisnano ideal Og-set. SoC=HNKwhereHisnanoopenandNint(K)=
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Nint(Ncl”(Nint(K))).Then Cc H= Nint(H).AlsoCisideal nano o-open
impliesCcNint(Ncl (Nint(H)))cNint(Ncl"(Nint(K)))=Nint(K)byassumption.
ThusCcNint(H)NNint(K)=Nint(HNK)=Nint(C)andCisnanoopen.
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