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ABSTRACT

In this paper, we determine some stability results concerning the 2-dimensional vector variable quadratic functional
equation f(x +y,z+w) + f(x —y,z—w) = 2f(x, z) + 2f (y,w) in Neutrosophic Normed Spaces. We define the
Neutrosophic Continuity of the 2-dimensional vector variable quadratic mapping and prove that the existence of a
solution for any approximately 2-dimensional vector variable quadratic mapping implies the completeness of
Neutrosophic Normed Space.
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1. Introduction

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in various problems arising in
the field of science and engineering. It has also very useful applications in various fields. The fuzzy topology proves to
be a very useful tool to deal with such situations where the use of classical theories breaks down. In 1984, Katsaras [5]
defined fuzzy norms on linear spaces and at the same year Wu and Fang also introduced a notion of fuzzy normed spaces
and gave the generalization of the Kolmogoroff hormalized theorem for fuzzy topological linear spaces. There are many
situations where the norm of a vector is not possible to find and the concept of Neutrosophic Norm [9,11,12] seems to be
more suitable in such cases, that is, we can deal with such situations by modeling the inexactness through the
intuitionistic fuzzy norm. Stability problem of a functional equation was first posed by Ulam [15] which was generalized
by Aoki [1] and Rassias [10] for additive mappings and linear mappings, respectively.

The concept Neutrosophy implies impartial knowledge of thought and then neutral describes the basic
difference between neutral, fuzzy, intuitive fuzzy set and logic. The Neutrosophic Set (NS) was investigated by
Smarandache [13] who defined the degree of indeterminacy (I) as independent component. In [14], Neutrosophic logic
was firstly examined. It is a logic where each proposition is determined to have a degree of truth (T), falsity (F) and
indeterminacy (I). A Neutrosophic Set (NS) is determined as a set where every component of the universe has a degree of
T,Fandl.

In IFSs the ‘degree of non-belongingness’ is not independent but it is dependent on the ‘degree of
belongingness’. FSs can be thought as a remarkable case of an IFS where the ‘degree of non-belongingness’ of an
element is absolutely equal to ‘1-degree of belongingness’. Uncertainty is based on the belongingness degree in IFSs,
whereas the uncertainty in NS is considered independently from T and F values. Since no any limitations among the
degree of T, F, I, NSs are actually more general than IFS. Some notable features of NMS have been examined.

Neutrosophic Normed Space (NNS) and statistical convergence in NNS has been investigated by Kirisci and
Simsek [8]. Neutrosophic Set (NS) and Neutrosophic logic has used by applied sciences and theoretical science such as
decision making, robotics, summability theory.

The stability problem for the 2-dimensional vector variable quadratic functional equation was proved by the
authors [2] for mappings f: X X X = Y, where X is a real normed space and Y is a Banach space. In this paper, we
determine some stability results concerning the 2-dimensional vector variable quadratic functional equation
fx+y,z+w)+f(x—y,z—w) =2f(x,z) + 2f(y,w) in NNS. We define the Neutrosophic Continuity of the 2-
dimensional vector variable quadratic mappings and prove that the existence of a solution for any approximately 2-
dimensional vector variable quadratic mapping implies the completeness of NNS

2. Preliminaries

Definition 2.1:
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A binary operation =*:[0,1] x [0,1] — [0,1] is said to be continuous t-norm if it satisfies the
following conditions;
i * is associative and commutative,
ii. * is continuous,
iii. ax1=a, forall a €[0,1],
iv. axb <cx*d whenever a<c and b <d,
foreach a,b,c,d € [0,1].

Definition 2.2:
A binary operation ¢:[0,1] X [0,1] — [0,1] is said to be a continuous t-conorm if it satisfies the
following conditions;
i. ¢ is associative and commutative,

ii. $ is continuous,

iii. a$0=a, forall a €[0,1],

iv. a$b<c<¢$d whenever a<c and b <d

foreach a,b,c,d € [0,1].

Definition 2.3:

The seven-tuple (X, u, 9, w,*,$,©) is said to be Neutrosophic Normed Space (NNS) if X is a vector space, * is a
continuous t-norm, ¢ and © are continuous t-conorm and p, 9, w are fuzzy sets on X x R satisfying the following
conditions; For every x,y € Xands,t >0

i ule,t) +9(x,t) + w(x, t) <3,
ii. 0<ul,t)<1,0<9(x,t) <1,0 <w(xt) <1,
iii. u(x,t) >0,
iv. ulx,t) =1 iff x =0,
V. ulax,t) =pu (xﬁ) , foreach a # 0,

vi.  ult) xu(y,s) S p(x+y,t+s),

vii. u(x,”): (0,00) — [0,1] is continuous,
viii. tlim u(x,t) =1 and ltirr[},u(x, t) =0,

ix. I(xt)<1

X. I(x,t) =0iffx =0,

Xi. I(ax,t) =9 (xﬁ) , foreach a # 0,
Xii. I, )¢9 (y,s) =2 I9(x +y,t+5s),
xiii.  9(x,"): (0,00) — [0,1] is continuous,
Xiv. tlim J(x,t) = 0and ltirréﬂ(x, t) =1.
XV. w(x,t) <1,

XVi. w(x,t) =0 iffx =0,

XVil. w(ax,t) = w (x, ﬁ) Jforeacha # 0,
Xviil, wEt)OQws) 2w x+yt+s),
Xix.  w(x,"):(0,0) - [0,1] is continuous,
XX. tlim w(x,t) =0and ltm(} w(x,t) =1.

Example 2.4:

Let (X, |||) be a normed space, a * b = ab, a ¢ b = min{a + b,1} anda © b = min{a + b, 1},
t .
for all a,b €[0,1]. For all x€X and every t >0, Consider u(x,t)= {t+|lx|l ift > 0}, I9(x,t) =
0 ift<o0

[lxll . x|l .
{t+||x|| ife > O} and w(x,t) = {T ift >0 } Then (X, 4,9, w,%,¢,0©) is NNS.
1 ift<o0 1 ift<o0

Remark 2.5:
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In NNS (X, 4,9, w,%,$,0©), u(x,”) is non-decreasing 9(x,") and w(x,") are non-increasing, for all x € X.
Definition 2.6:

Let (X,u,9,w,*%,0) be a NNS. A sequence x = (x;) is said to be Neutrosophic Convergent to L € X if
llim ulx, —Lt)=1, Ilim 9(x, — L) =0 and Ilim w(x, —L)=0,forall t>0.
In this case we write x;, —» L as k — oo,
Definition 2.7:

A sequence x = (x;) is said to be Neutrosophic Cauchy Sequence if lim u(xprp — X t) =1, lim I (xpsp —
xi, t) =0 and lim w(xg4p — x,,t) =0, forall peN and ¢ > 0.
Definition 2.8:

The NNS (X, 1, 9, w,*,$,®) is said to be complete if every Neutrosophic Cauchy sequence in
X, 1,9, w,*,$,©) is Neutrosophic Convergent in (X, i, 9, w,*,$,®) is also called Neutrosophic Banach Space.

3. Neutrosophic Stability

Consider the functional equation
fx+yz+w)+f(x—y,z—w) =2f(x,2) + 2f (y,w) 31)
having quadratic forms f (x,y) = ax? + bxy + cy? as solutions.
We begin with a generalized Hyers-Ulam type theorem in NNS for (3.1).
Theorem 3.1:
Let X be a linear space and let (Z,u',9',w") be NNS. Let ¢: X X X X X X X — Z be a mapping such that for
somel<a<4,

w(p2x,2y,22,2w),t) = u'(ap(x,y,z,w),t),

9'(p(2x,2y,2z2,2w),t) < I9'(ap(x,y,z,w),t) and 3.1.1)
w'(p(2x,2y,22z,2w),t) < w'(ap(x,y, z,w),t).
lim p'(p(2™x, 2™y, 2™z, 2™"w), 4™t) = 1, lim 9'(p(2™x, 2"y, 2"z, 2"w), 4™t) = 0 and
n—-oo n—-oo

lim w'(p(2™x, 2™y, 2"2,2™w),4™t) = 0, forall x,y,z,w € X andall t > 0.
n—-oo
Let (Y, 1,9, w) be NBSand let f: X x X — Y be a mapping such that
p(fx+yz+w)+ fx—y,z—w) - 2f(x,2) = 2f (y,w), t) = ' (¢(x,y,2,w), D),
I(fx+y,z+w)+ flx—y,z—w) —2f(x,2) —2f(y,w),t) <I9'(p(x,y,2z,w),t) and ; (3.1.2)

o(fx+yz+w)+fx -y, z-w)-2f(x,2) - 2f(y,w), ) < 0'(@(x,y,2,w),1),
forall x,y,z,w € X and all t > 0. Then there exists a unique mapping F: X X X — Y satisfying (3.1) such that

1
p(FGo) = FO0y) +5£0.0),) 25 ' (9 2,7,), (4 = @)D,
9 (F(x, v)—flx,y) + %f(0,0), t) < °°19’((p(x, x,y,y), (4 — a)t) and (3.1.3)

1
w(FC0y) = 1) +3£(0,0),) <O /(G5 3,3), (4= @)0),
forall x,y e X andall t >0,where +x*=axax*..,¢%=ava<$..and O*=aOa® .. ,
forall a € [0,1].
Proof:
Putting y =x and w =z in (3.1.2) we get,

2x,2 0,0
#(f( - y)4+ L )_f(x,z)é) = 1 (p(x,x,2,2),0),
w(f(2x,2y)4+ £(0,0) _f(x’z)é) < 9'(p(x,%,2,2),t) and \ (3.1.4)
o (f EBIOD 05) < o' on 2,0,

forall x,z € X andall t > 0. Replacing x by 2"x and z by 2"z in (3.1.4) and using (3.1.1) we get,

n+1 n+1 n n
u (f(z "'inﬂz)*f(o'o) [ x272) 4n+1) >y (p(2™x,2"x, 2"z, 2"2),t) = ' ((p(x, X, Z, z),;—n),

n+1 n+1 Tl n
1@ x’in+1z)+f(0’0) f@Tx27z) 4n+1) <9'(p(2™x,2™x,2"2,2"2),t) < 19’(<p(x, X, Z, z),ﬁ) and
n+1 n+1 n n
W (f(z x,in+1z)+f(0,0) yic :nz 2) 4n+1) S w'(e"x,2™x,2"z,2"2),t) < w ( (x,x,z, z),aLn), for all x,z € X, all

n =0 andall t > 0.By replacing t by a™t we have
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4n+1

(f(2n+1x,2n+1z)+f(0,0) _ f@™x2"2) a™t

2D ) 2 ek xz,2),0), )

4n+1

w (f(2n+1x,2n+1z)+f(0,0) _ f@™x2"2) a™t

) <9'(¢(x,x,2,2),t)and ¢ (3.1.5)

4n J4n+1

4n+1

4n '4n+1) S (l)’((p(x, x! Z,Z), t);

forall x,z€e X,all n>0 andall ¢t > 0. It follows from,

n

for

1 [f(2k+1x,2k+1z)+f(0,0) f(kazkz)] f(znxznz)
k=

0 4k

all x,ze X ,foralln €N and all t > 0, where H}lzlaj=a1*a2*
]_[}lzla]-=a1@azO...@an,*"a=]_[;-l=1a=a*a*...

< -1

u(jw D) +3 (1——)f(00)z 4k+1>

TT (F(2%*1%,25%12) + £(0,0)  f(2kx,2K2) akt
= 1_[# 4k+1 - 4k ’ 4_k+1
k=0

> " ' (p(x, x,2,2), 1),

19< (an 2"z) —FGu7) 4= (1__) (0,0), Z4k+1>

p (f(Z"Jr1 x,2%*12) + £(0,0) B f(2%x,2%2) « t)

IA

4k+1 4k '4k+1

=
(=]

<¢"I9'(p(x,x,2,2),t) and

" (f(znx 2"7) FooD) 4o (1 __> £(0,0), Z 4k+1>

-1

IA

4k+1 4k ' 4k+1
k=0

<O"w'(p(x,x,2,2),t),

O%a = ]_[}Lla =a®@a®..Qa, forall a,a,,a,,..,a, €[0,1].
By replacing x with 2™x and z with 2™z in (3.1.6) we have,

f@™Mx Zmz)

p (f(2n+mx’2n+mz) B

4n+m

D (1 1) F00), B o)

> ' (p(2™x,2™x,2™2,2™z),t) =" u ((p(x X,2,7), m)

(2n+mx’2n+m ) _

f(2Mx Zmz)

o("
o

4n+m

22D (1) F0.0), i k)

<MY (@(2™x,2Mx,2M2,2M2),t) <O I ((p(x X,2,2), —m) and

F(2nH My 2ntmy)

_ f(2Mx Zmz)

4n+m

22D (1 1) 100, 5 )

<O" w'(p(27x,2Mx,2™M2,2™2),1) <O" w ( (x,x, 2, Z)'a_m>'
forall x,ze X, allm >0, ne N andall t > 0. Replacing t by ﬁ

m—1
k=m 4k+1

(f(Z"*lx 2k*12) + £(0,0) f(2"x 2k2) a"t)
w

we get,

—fx,2) +2 (1—1) £(0,0) and (3.1.5) that,

(3.1.6)

ek ly, e =a;¢a, % .. ¢ ay,
*a,o"a=1lj.;a=ada¢..$a and
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MMy, 2n™mg)  f(2™Mx,2™z) 1 1
“( gnm T am 3w (1 B H) f0.0).¢
n ! t
2" o, x,2,2),——————— |,
Zn+m 1 ‘,75 -
4_ +
F2Mmy, 2nt Mgy f(2Myx, 2Mz) 1 1
? ( 4ntm T T3 (1 B 4_n> f(0.0),¢
] (3.1.7)
t
<9 o(x,x, 2z, z),— | and
n+m-1 _&
k=m 4k+1
fMmy, 2m Mg f(2Mx,2M2) 1 1
@ ( gnm T T3 (1 B 4_n> f(0.0).¢
t
SQTL (A)’ (p('xl X, Z,Z),ik ]
n+m-1 a

k=m 4k+1
forall x,z€ X, all m>0,all neN andall t > 0.

kK
Since 0 < a < 4, Z,‘fzo(“) < oo and ypim-1 (“ ) -0 as m— oo, foralln €N.

4k+1

Thus ;ak_’ o and u' <p(x,x,z,z),;ak —>lasm - oo, forall x,ze Xallne Nandall ¢t > 0.
n n
Hence the Cauchy criterion for convergence in NNS. Shows that W is a Cauchy sequence in (Y, u,9, w), for all

x,z € X. Since (Y, u, 9, w) is complete, this sequence converges to some point F(x,z) € Y, forall x,z € X.
Putm = 0in (3.1.7) to obtain,

k(P reun +5 (1 55) 00, ) 2 (Wx”) z—>

k=0 Jk+1

f@x2z) (L n g _t
19( flx,2z) + 2 (1 4n) f(0,0),t) <" ((p(X, X, 2, Z)’Zﬁ‘é o ) and

4_71
=0 2k+1

W (M f(x z)+= ( - in) f(O 0), t) <O"w ((p(x, X, Z, Z),ﬁ),
Xk=o 2R+ 1
forall x,z€ X, all n €N andall ¢t > 0. Taking the limit as n — oo and using the definition of NNS we get,
1
I (F(x. y) = fxy) +5£(0,0), t) 22 p' (o (x,x,y,y), (4 — a)t),

1
9 (Fe,y) = F0,9) +5£(0,0),¢) <6 9'((x, .7, ), (4 = 0)1) and

1
o (Fy) = F00) +5£00),t) SO 0/ (2,7, ), (4 = D),
forall x,y € X, andall t > 0.
Replacing x,y,z,w and t in (3.1.2) by 2"x,2"y,2"z,2"w and 4™t respectively we have,
F@RMx+2My,2"z+2w) | F(2Mx—2"y,2"z-2"w) f(2™x,2"z) 2"y, 2"w)
( + -2 -2 ,t)
4n 4mn 4n 4mn
> p' (p(2"x,2"x, 2"y, 2"y), 4"1),
9 (f(z"x+2"y1,12"z+2"w) + f(Z"x—Z"yr,IZ"z—Z"w) _9 f(Z"xr,lZ"z) _9 f(Z”y;Lan) ’ t)
4 4 4 4
<9I9'(p(2"x,2"x, 2™y, 2"y),4™t) and
f(z”x+2”i/7,12”z+2”w) n f(z"x—z"i/;lznz—znw) _9 f(2":1,12"z) _9 f(z”iz;LGw) ’ t)
< w'(p"x,2™x,2™y,2™y),4™t) forallx,y,z,w € X,alln € N and all t > 0.
lim p'(p(2™x,2™x, 2™y, 2y),4™t) = 1, lim 9'(p(2™x, 2"x, 2™y, 2™y),4™t) = 0 and
n—-oo n—-oo

lim w'(p(2™x, 2™x, 2"y, 2"y),4™t) = 0,for all x,y,€ X and all t > 0. We observe that F fulfills(3.1).
n—-oo
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To prove the uniqueness of the mapping F, assume that there exists a mapping G: X X X = Y which also satisfies (3.1)
and (3.1.3). For fix x,y € X, clearly F(2"x,2"y) = 4"F(x,y) and G(2"x,2"y) = 4"G(x,y), for all n € N. It follows

from (3.1.3) that,
u(F(ey) = G y),0) = p(

F(2™x,2™y)  6(2™x,2"z2)

1]

4n 4n
F(2™x,2™y) f(an,Zny) G(2™x,2"y) = f(2™x,2My)
2”( 4m - 4m 34nf(00) ) ( 4n + 4n 34"f(00) )
o 4" (4-a)t P 4" (4—a)t
*2x ((p(an 2"x, 2y, 2My), —) >#2x® ) ((p(x, X 9,), e ),
FQ™x,2™y)  6(2™x,2™2)
I(F(x,y) — Glx,y), ) = 0 ((E22 - 22220,
F(2™x,2™y) f(an,Zny) G(2™x,2"y) = f(2™x,2My)
<0 (TR - TR R 004) 0 0 ((EEEEEH R - 157 005)

$26° 9 ((p(an 2™x, 2™y, 2My), M) <6269 (go(x Y,Y), il a)t) and

F(2™x,2"y)  6(2™x,2"z2)

wF,y) =Gy t) = w ( - =
F(2"x,2™y) f(an,Zny) G(2"x2My)  F(2™x2My)
< o (MR _LEEEY) L 2o r(0,0),0) @ w (- SEEER 4 LD _ 2 r(0,0),5)

(O ONE] ( (2™x,2™x, 2™y, 2™y), G “)t) <O*O*Y ( G, x,y,y), “ (4 a)t

4" (4-a)t
n

1

Since lim

n—-oo

= oo, forall t > 0 we get,

i (e 25 <1, iy 0 (gt 30, 2500) o
and lim w ((p(x X, y,y) il a)t) =0, forall t > 0.
n—oo

Therefore u(F(x,y) — G(x, y),t) =1, 9(F(x,y) — G(x,y),t) = 0and
w(F(x,y) —G(x,y),t) = 0,forall t >0.Hence F(x,y) = G(x,y).
Example 3.2:

4"(4 a)t

) forall n € N andall t > 0.

v

IA

IA

Let X be a Hilbert space with inner product (--) and Z be a normed space. Denote by (i, 9, w) and (u¢',9’, w") be
the Neutrosophic Norms given as in Example (2.4) on X and Z respectively. Let ||-|| be the induced norm on X by the

inner product (-,-) on X.
Let p: X X X X X X X - Z be a mapping defined by
@: (x,y,z,w) = 2(|x|| + Iyl + llzl| + |lwl])z,, for all x,y,z,w € X, where z, is a fixed unit vector in Z.

Define amapping f: X X X = X by f(x,y) = (x,¥ + xo)x0, x,¥ € X, where x, is a fixed unit vector in X. Then

u(f(x + y,z+ Wt) +flx—yz- W) —2f(x,2) = 2f (y,w), t) = u(=2(y, x0)xo, t)

>
t+z|<y,xo>| trzllyll = t+z(||x||+||y||+||z||+||w||> = wley,zw)t),
ﬁ(f(x +y'Z + W) +f(x -V, Z—- W) - Zf(x,Z) - Zf(y,W),t) = 19(_2<Y;xo)xo; t)

2Uyaob| _ 2yl 20+ Iyl +Iwl) .
= < < =9 x,vy,z,w),t)and
2o = trziyl =tz — 0 P00y 2 w), t)

(U(f(x +y'Z +W) +f(x -V, zZ— W) - Zf(x,Z) - Zf(y,W),t) = .u(_z(yle)xOlt)
_ 2xo) | o 2lvll o 2Aixli+HIy Izl +HiwiD W' (p(x,y,2,w),t), forall x,y,z,w € X and all t > 0. Also,

<—<
t t t

w (p(2x,2y,22,2w),t) =
9'(p(2x,2y,2z,2w),t) =

t

e+4(llxll =+ I+ 2+ 1wl
4l =+ Nz -+ Tl
t+4(llxl+ Iy I+ z ]+ wil)
w'((p(Zx, Zy, ZZ, ZW), t) — 4’(”x”+||y”:'”2”+”W”) — (U’(Z(p(x, y,2, W), t),
forall x,y,z,w € Xandall t > 0. Thus,
4mt

lim w(p2mx, 2™y, 2"z, 2"w), 4"t) = lim =1,

n—oo 4™Mt+2M(||x||+|y |+l +lIwl)

n+1
1 Ny PNy, N, DT 4"t) = lim 20T (|l ||+ I+ 2+l
im 9'(p(2"x, 2%y, 2"z, 2"w), 4Mt) = lim o I T+

n+1
llm W' (@(2"x, 2y, 2"z, 2"w), 4™t) = lim 2" N+H Iy l+z i+ wlD

—00 4nt
Hence the conditions of Theorem (3.1) ?or a = 2 are fulfilled.
Therefore, there is a unique quadratic mapping F: X X X — X such that
u(F (e, y) = £, ), 0) = @' (@Il + llylDzo, 2t),
I(F(x,y) — fx,3),8) < 9'(4lxll + llylDz, 2¢) and
o(f,y)—flx,y),t) < w’((4(||x|| + ||y||)zo,2t), forall x,y,z,w € X,and all t > 0.
Theorem 3.3:

=u'Qelx,y,z,w),t),

=9'2e(x,y,z,w),t) and

=0 and

=0, forall x,y,z,w € Xand all t > 0.
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Let X be a linear space and let (Z,u',9’,w") be NNS. Let ¢ : X X X X X X X — Z be a mapping such that for
some a > 4,

(0 (253).0) 20 0z 0 (o (535).0) < 0 o w).a g
w' ((p (f,z,z,z),t) < ' (p(x,y,2,w), at).
lim 4/ (4n(p (zinzlnzinzin)t) =1, lim '9’(4n€0 (zinzlnzinzin)t) =0and

n—-oo

lim a)’(4n<p(x > Z W),t):o, forall x,y,z,w € X andall t > 0.

n—oo 2n’zn’2n’gn
Let (Y,u,9,w)be NBS and let f: X X X - Y be a -approximately quadratic mapping in the sense of (3.1.2) with
£(0,0) = 0. Then there exists a unique mapping F: X x X — Y such that
p(F(x,y) — f(x,y),t) 22w (o(x, x,y,¥), (@ — 4)t),
ﬁ(F(x'Y) - f(x,Y)' t) <$*® 19’(47(95: xfyvy)v ((X - 4)t) and
W(FC,y)—fl,y),t) <O w' (e, x,y,y), (a—4)t), forall x,y,e Xandall t > 0.
Proof:
The techniques are similar to that of Theorem (3.1). Hence, we present a sketch of proof. Puty =x and w =z in
(3.1.2) we get,
u(f(2x,22) —4f (x,2),t) = u'(p(x,x,2,2,),t), 9(f (2x, 22) — 4f (x,2),t) <9 (p(x,x,2,2,),t) and
w(f(2x,2z) — 4f (x,2),t) < w'(p(x,x,2,2,),t), forall x,z,€ X and all t > 0. Thus we get,

u(feen) -4f (3.2) ) 2 o x,2,2),a0),

9(fee2) —4f (£.2),t) <9'(p(x,x,2,2),at) and

w(fe2) —4f (£.2),t) < w'(p(x,x,2,2),at), forall x,z,€ X andall t > 0.
Forall x,z,e X,all m>0all neNandall t> 0.We can deduce,

X Z X zZ t
4m om’om _4n+m ’ ;t = " y Ay 4Ly )
‘u( f(zm Zm) f(2n+m 2n+m) ) * U (p(x X ZZ) Zn+m—1 4k
k=m ak+1
X Z X Z t
m ) —_gntm n .qf
‘9(4 f(Zm’Zm) 4 f(2n+m,—2n+m),t) <¢™Y <p(x,x,z,z),7n+m_1 T and ; (3.3.1)
k=m ak+1
X A X A
4m om’om _4n+m ’ ;t S n ! I RAS R ] ]
o (41 (Z7m) (G gem) 1) SO 0| 900 2,2,2) smim1 4
k=m ka+1
Hence the sequence (4"f (Zinzin)) is a Cauchy sequence in the NBS Y. Therefore there is a mapping F: X XX - Y

defined by F(x,y) = lim 4"f (%,2), forall x,y,€ X.
n—-oo
The system of inequalities (3.3.1) with m = 0, implies that
w(F(x,2) — f(x,2),t) == w'(p(x,x,2,2), (@ — Dt),
I(F(x,z) — f(x,2),t) <&° 9'(p(x,x,2,2),(ad —4)t) and
w(F(x,z) — f(x,2),t) <O% 0'(p(x,x,2,2), (@ —4)t), forall x,z,€ Xandall t > 0.

4. Neutrosophic Continuity

Definition 4.1:

Let g: R — X be a mapping, where R is endowed with the Euclidean topology and X is NNS equipped with
Neutrosophic Norm (i, 9, w). Then LeX is said to be Neutrosophic Limit of g at some r, € R if and only if for every
e>0anda,p € (0,1) there exists some § = §(e,a,8) > 0 such that
u(g(r) —Le)=a and u(glr)—L,e) <1— B whenever 0 < |r — 1| <.

In this case, we write r11r£1 g(r) = L which also means that
—To

lim u(g(r) —L,t) =0, lim9(g(r) — L,t) =1and lim w(g(r) —L,t) = 1.
r-T9 T=To T=To

(or) u(g(r) —L,t) =1,9(g(r)—L,t) =0 and w(g(r)—L,t)=0 asr - r, forallt > 0.
The mapping g is said to be Neutrosophic Continuous at a point r, € R if and only if
lim p(g(r) = 9(r0), 1) = 1, lim 5(g(r) = g(rp), £) = 0 and
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lim w(g(r) —g(ry),t) =0 forall t > 0.
d 1)

Theorem 4.2:
Let X be a normed space and (Y, u, 9, w) be NBS. Let (Z,u',9',w") be NNS, let 0 <p <2 and z, € Z. Let
f:X xX —Y beamapping such that

nf+y,z+w)+flx—y,z—w) = 2f(x,2) = 2f (y,w), )
= @ (P + 1P + NzlIP + wliP)zo, t),

G +y,z+w)+flx—y,z—w) = 2f(x,2) = 2f (y,w), 1)

< ' ((IIIP + IY1IP + 12117 + [wll”)zo, £) and 2

w(fx+y.z+w)+flx -y z-w)—2f(x,2) = 2f (y,w),t)

\ < &' (X1 + Iy IP + 11zl + [IwllP)zo, t),
forall x,y,z,w € X and all t > 0. Assume that u',9" and w’satisfies
lim @/ (Ix]P + 1y IIP + 11zIIP + wliP)zo, 476) = 1,
lim ' ([P + 1y lIP + 2117 + [lwllP)z, 4™¢) = 0 and
rllm @' 2" (||x|I” + IylI? + |lz]|P + [lw]|P)z,4™t) = 0, forall x,y,z,w € Xandall t > 0.
Then there exists a unique mapping F:X x X — Y Satisfying (3.1) such that

u(F e y) = £ y), 6) 2+ W' QAP + IylIP)zo, (4 — 2P)0),

IF(x,y) = f(x,¥),0) <% I9'QIxIIP + lylIP)zo, (4 — 2P)¢) and (4.2.2)

w(F@y) = f(xy),0) <O o' QUXIP + IylIP)zo, (4 — 2P)0),

forall x,y € X and all t > 0. Furthermore if the mapping g: R — Y defined by g(r) = W is Neutrosophic

continuous for some x,y € X and all n € N then the mapping r — F (rx,ry) from R to Y is Neutrosophic continuous. In
this case F(rx,ry) = r?F(x,y), forall r € R.
Proof:

Define @: X x XXX xX - Z by o(x,v,z,w) = (|lx||P + lIylI” + l|zlI” + [lw||P)z,, forall x,y,z,w € X.
Existence and uniqueness of the mapping F satisfying (3.1) and (4.2.2) are deduced from Theorem (3.1). Note
that, forall x,y,z,w € X,alln €e Nand all t > 0 we have,

2, 2n F(2mx, 2" 2ny, 2n
“(F(x'y)_wazﬂ(( Zn » £ ;cn y)'t)

= u(F(2"x,2"y) — f(2"x, 2My), 4™t) 2= @' P (JIx|IP + lylIP)zo, 4™ (4 — 2P)0),
f@2"x,2"y) F(2"x,2"y)  f(2"x,2"y)
19<F(x,y)—4—n,t =9 4n - 4 ,t
= 9(F(2"x, 2"y) — f(2"x, 2My), 4™t) <= '™ (lIx|IP + |lylIP)zo, 4™ (4 — 2P)t) and
f(2™x,2™y) F(2"x,2™y) f(2"x,2™y)
w F(X.J’)—T,t =w 4 - an ,t
w(F (2", 2My) — f(2"x, 2™y), 4™t) <O o' " (||x|I” + llylIP)zo, 4™ (4 — 2P)0).
Putting x =y = 0 in (3.1) we get,
1 1 1
u(F0,0) = %£(0,0)) 2 1, 9(F(0,0) —=£(0,0)) <0 and w (F(0,0) - = £(0,0)) <0,
forall ne N andallt > 0. Fix x,y € X from (4.2.3) we get,

2Mrx, 2™ 4" (4 — 2P
u(F(rx.ry) _f@rx27ry) t) . u’((llxll” P20, 2 )t>,

(4.2.3)

4n ’ 2np+1|r|p

211 ’211 411 4_2p t
ﬂ(F(rx,ry>—f—( = r”,t) s<>°°z9'<(||x||v+||y||v)zo,¥> and

4n 2np+1|1-|p
f2"rx,2™ry) o 4"(4 - 2P)t
w(F(rx,ry) _T't <O® o'{ (llx]” + ”y”p)ZO;W ,

forall 7 € R\ {0}. Since lim 2%=2% _ o forallt > 0 we get,
n

Soo0 2P| |P
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lim u (F(rx,ry) —M,E =1, lim 9 (F(rx,ry) —M,E =0 and lim w (F(rx,ry) —
4n 3 4n 3

n—-oo n—oo n—-oo

W,E) =0, forallr € R\ {0}. Fix r, € R.

By the Neutrosophic Continuity of the mapping t — W , we have,

y fQ@"rx,2%ry)  f(2"rox, 2"rpy) t) 1 lim fQ@"rx,2"ry)  f(2"rox, 2"rpy) t) 0 and

novo ! & 4w '3)T ate w0 4w '3) ™

n n n n
[CTrry) _ [ o Toy).ﬁ) = 0. It follows that,
4 4m0 3

lim(u(

n—-oo

f@Mrx2"ry) t
u(Frx,ry) - L2220 )
FRMx2™y)  fQMox,2Mrgy) t
u(F(rx,ry) — F(rox,moy), t) = |* #( 4n - 4n ‘5) =1,
FQ2Mrox,2"ryy) t
e (B2 _ oy )
_f(2"rx,2"ry) t
) (F(rx, ry) e ,3)
9 FRMx2™My)  fQMox,2Mrgy) t
I(F(rx,ry) — F(ryx,ryy), t) < ¢ an - an »3)1 < 0and
n n.
o0 (FERREm2 — Frox,mo), )
- n n.
w (F (rx,ry) — [@Tr2Try) T:,'lz it ),g)
@R x2"ry)  fQMrox2"ryy) t
w(F(rx,ry) — F(ryx,15y),t) < O “’( o - 04_11 ° ’g) <0,
2Mrox,2™ t
0w (W — F(ryx, To}’):g)

as r -y, forallt > 0. Hence, the mapping r — F(rx,ry) is Neutrosophic Continuous. Now, we use the
Neutrosophic Continuity of the mapping r — F(rx,ry) to establish that F(sx, sy) = s2F(x,y), forall s € R.
Fix s € R andt > 0. Then foreach @ € R with 0 < a < 1, there exists § > 0 such that

u (F(rx,ry) — F(sx, sy),g) >a, U (F(rx, ry) — F(sx, sy),%) <l—-aand w (F(rx, ry) — F(sx, sy),é) <l-a.
Choose a rational number r with0 < |[r —s| <6 and 0 < |r? —s?| <1 —a. Then

u (F (sx,sy) — F(rx,ry), g)
u(F(sx,sy) — s2F(x,y),£) = [+ M(F(Tx, ry) —rZF(x,y),g) N M(F(x,y),ﬁ),
* (rzF(x,y) — $?F(x, y),%)_
8 (Fisx.5y) ~ Frery).5) |

9(F(sx,sy) — s?F(x,y),t) <|$ 9 (F(rx,ry) —1r2F(x, y),%) SA-a)¢0¢9 (F(x, y),ﬁ) and

t
S (rzF(x, y) —s*F(x, y),g)_
1) (F(sx, sy) — F(rx, Ty)é)
w(F(sx,sy) —s*F(x,y),t) < |Q w (F(rx,ry) - TZF(x’Y)’é) =01-0000w (F(x,y), 3(1t—a))'

O (r?F(x,y) - s2F(x,3),7)

Letting @ — 1 and using the definition of NNS we get,
u(F (sx,sy) — s2F(x,y),t) = 1, 9(F (sx,sy) — s?F(x,y),t) = 0 and w(F (sx, sy) — s?F(x,y),t) = 0.
Hence we conclude that F(sx, sy) = s?F(x,y).
Theorem 4.3:

Let X be anormed space and (Y,u,9,w) be NBS. Let (Z,u',9',w") be NNSandlet p > 2 and z, € Z.
Let f:X XX - Y be a mapping such that (4.2.1) forallx,y,z,w € X and let t > 0. Assume that u’,9' and '
satisfies
lim @/ (Ix]P + 1y IIP + 11zlIP + wliP)zo, 476) = 1,

lim '™ ([|x|I” + lIyllI? + llzI? + [lwl[P)z,,4™t) = 0 and
n—-oo
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lim &' 2" (|Ix|I? + lIylI? + llzlI” + lIw]|P)zo,4™¢) = 0,
n—-oo

forall x,y,z,w € X and all t > 0. Then there exists a unique mapping F:X X X — Y satisfying (3.1) such that
[.l(F(X, Y) - f(x; )’): t) =% ‘U.I(Z(”x”p + ||Y||p)Zo, (4 - 2p)t)’
IF@,Y) — fy),0) <62 9'QUXIP + lylIP)zo, (4 — 2P)t) and ¢ (4.3.1)
w(F(x,y) = f(x,),t) <O o' IxIIP + lyllP)zo, (4 — 27)1),
forallx,y € X and all t > 0. Furthermore if the mapping g: R — Y defined by g(r) = f(2"rx, 2"ry) is Neutrosophic
Continuous then the mapping r — F (rx,ry) from R to Y is Neutrosophic Continuous.
In this case, F(rx,ry) = r2F(x,y),forallr € R.

Proof:

Define @: X x XXX XX = Z by o(x,y,z,w) = (IIx|I” + lIyII” + llzII” + [Iw]||P)z,, forall x,y,z,w € X.
1 1

Then ' (¢ (3.5.2.%).t) = (= Ulxll? + 11770, ¢)8" (¢ (5.5.2.%) ) = 9" (55 (lxlIP + IylIP)z,t) - and

’ r 1 .
W ((p (g,g,% %),t) =w (zv—l (llx]IP + ||y||p)zo,t) forallx,y € X andall t > 0. Since p > 2, we have 2P > 4. By

Theorem (3.3) ther exists a unique mapping F satisfying (3.1) and (4.3.1). The rest of the proof can be done on the
same lines as in Theorem (4.2).
5. Conclusion

We linked here two different disciplines, namely, the fuzzy spaces and functional equations. We established
Hyers—Ulam—Rassias stability of a functional equation f(x +y,z+w) + f(x —y,z—w) = 2f(x,2) + 2f (y,w) in
NNS.

We also studied Neutrosophic Continuity of the 2-dimensional vector variable quadratic mapping and the
existence of a solution for any approximately 2-dimensional vector variable quadratic mapping of NNS.
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