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Abstract. The accurate asymptotic evaluation of marginal likelihood integrals is a fundamental
problem in Bayesian statistics. Following the approach introduced by Watanabe, we translate this
into a problem of computational algebraic geometry, namely, to determine the real log canoni-
cal threshold of a polynomial ideal, and we present effective methods for solving this problem.
Our results are based on resolution of singularities. They apply to parametric models where the
Kullback-Leibler distance is upper and lower bounded by scalar multiples of some sum of squared
real analytic functions. Such models include finite state discrete models.
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1. Introduction

The evaluation of marginal likelihood integrals is essential in model selection and has
important applications in areas such as machine learning and computational biology. The
exact evaluation of such integrals is a difficult problem [9, 20] and classical approxima-
tion formulas usually apply only for smooth models. Recent work by Watanabe and his
collaborators [1, 27, 26, 28, 29] extended these formulas to a broad class of models with
singularities. His work also uncovered interesting connections with resolution of singulari-
ties in algebraic geometry. The goal of this paper is to systematically study the algebraic
geometry behind Watanabe’s formulas, and to develop symbolic algebra tools which allow
the user to accurately evaluate the asymptotics of integrals in Bayesian statistics.

Watanabe showed that the key to understanding a singular model is monomializing
the Kullback-Leibler function K (w) of the model at the true distribution. While general
algorithms exist for monomializing any analytic function [7, 4], applying them to non-
polynomial functions such as K(w) can be computationally expensive. In practice, many
singular models are parametrized by polynomials. Therefore, it is natural to ask if this
polynomiality can be exploited in the analysis of such models. For simplicity, we explore
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this question for discrete statistical models. Our point of departure is to describe the
asymptotics of the likelihood integral by the real log canonical threshold of an ideal in a
polynomial ring. More generally, our results will be proved for rings of analytic functions,
and they apply to all parametric models where the Kullback-Leibler distance is upper and
lower bounded by scalar multiples of a sum of squared real analytic functions.

Consider a statistical model .#Z on a discrete space [k] = {1,2,...,k} parametrized
by a real analytic map p : @ — A,_; where Q is a compact subset of R? and Aj_; is
the probability simplex {z € R¥ : z; > 0, S x; = 1}. We assume that Q is semianalytic,
ie. Q= {zxecR: gi(z) >0,...,9(x) > 0} is defined by real analytic inequalities.
Let ¢ € Ag_1 be a point in the model with non-zero entries. Suppose a sample of size
N is drawn from the true distribution ¢, and let U = (U;) denote the vector of relative
frequencies for this sample. Let ¢ : @ — R be nearly analytic, i.e. @ is a product pqps
of functions where ¢, is real analytic and ¢, is positive and smooth. Consider a Bayesian
prior defined by |p|. Priors of this form are discussed in Remark 1. We are interested in
the asymptotics, for large sample sizes IV, of the marginal likelihood integral

k
Z(N) = /Q T] 2i() ¥ ()] de (1)
=1

The first few terms of the asymptotics of the log likelihood integral log Z(NN) was
derived by Watanabe. To state his result, we first recall that the Kullback-Leibler distance
K (w) between ¢ and p(w) is

k
qi
K(w) = gi log .
; pi(w)

This function satisfies K (w) > 0 with equality if and only if p(w) = q.

Theorem 1 (Watanabe[27, §6]). Asymptotically as N — oo,

k
log Z(N) = NZUilong'—)\logN—i-(H—l)loglogN + NN (2)
i=1

where the positive rational number X is the smallest pole of the zeta function

(=) = /Q K(w)lp(w)|dw, zeC, (3)

0 s its multiplicity, and ny is a random variable whose expectation tends to a constant.

Here, X is known as the learning coefficient of the model at the distribution g. Because
formula (2) generalizes the Bayesian information criterion [21, 27], the numbers A and 6 are
important in model selection. Indeed, the BIC corresponds to the case (\,0) = (%, 1) for
smooth models. In algebraic geometry, A is also known as the real log canonical threshold
[23] of K, a term that is motivated by the more familiar complex log canonical threshold
(see Remark 2). We denote this algebraic invariant by (), 0) = RLCTq(K;¢).
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These thresholds may be defined for ideals in rings of real-valued analytic functions as
well. Given an ideal I = (fi,..., f;) generated by functions f; # 0 which are real analytic
on a compact subset Q C R%, and a smooth amplitude function ¢ : R* — R, we consider
the zeta function

(@ = [ (A2t 5w) ol (@

We show that if ¢ is nearly analytic, then ((z) has an analytic continuation to the whole
complex plane. Its poles are positive rational numbers with a smallest element A which we
call the real log canonical threshold of I with respect to ¢ over ). Let 6 be the multiplicity
of \ as a pole of ((z) and define RLCTq(I; ) to be the pair (A, ). Order these pairs such
that (A1,01) > (A2,02) if Ay > Ao, or Ay = A2 and 0; < 0. We will show that this pair
does not depend on the choice of generators fi,..., f, for I. In the literature, real log
canonical thresholds of ideals are not well-investigated [23]. For this reason, we formally
prove many of its properties in Section 3.

With these definitions on hand, we now state our first main theorem. This result
expresses the learning coefficient and its multiplicity directly in terms of the functions
P1, - - -, Pr parametrizing the model. Geometrically, it says that the learning coefficient is
the real log canonical threshold of the fiber p~!(¢) C Q. The theorem is computationally
very useful especially when the p; are polynomials or rational functions, and certain special
cases have been applied by Sumio Watanabe and his collaborators [28, 29]. Our proof in
Section 3 was inspired by a discussion with him. Recall that ¢ = p4p5 is nearly analytic.

Theorem 2. Let (A, 0) be the learning coefficient and multiplicity of the model 4 at q > 0.
Let I denote the ideal (p(w)—q) := (p1(w)—q1,...,pp(w) —qx), and let V be its zero-locus
{weQ:pw) =gt =p~ (). Then,

(2X,0) = mi}r} RLCTq, ({; ¢a)
xre

where each Q, is a sufficiently small neighborhood of x in €.
More generally, let K(w) be any real analytic function on § that is bounded for some
constants c1,co > 0 and some real analytic f;(w) over €, by

k k
a Y filw) <Kw) <e ) filw)
i=1 =1

Then, the real log canonical threshold (X, 0) = RLCTq(K; ) satisfies
(2A,6) = RLCTq(1; ¢a)
where I is the ideal (fi(w),..., fr(w)).

To prove this theorem and other properties of real log canonical thresholds, we recall
Hironaka’s theorem on the resolution of singularities [15] and develop useful lemmas in
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Section 2. Our treatment differs from that of Watanabe [27] in the following way: we study
the local behavior of real log canonical thresholds at points x in the parameter space ().
In particular, we will be interested in the case where z is on the boundary 0f). Example
1 is an illustration of how the threshold is affected by the inequalities g; > 0 which are
active at x. This issue can be critical in singular model selection because the parameter
space of one model is often contained in the boundary of another that is more complex.

After studying the local thresholds, we then show that the real log canonical threshold
globally over €2 is the minimum of local thresholds at points x in ). Identifying where
these minimum thresholds occur is a challenging problem which we discuss in Section 2.
As a consequence of our results, we write down explicit formulas for the coefficients in
asymptotic expansions of Laplace integrals. Our formulas extend those of Arnol’d—Gusein-
Zade—Varchenko[2] because they apply also to parameter spaces with boundary. Using this
expansion to improve statistical inference may be explored in future.

Our next aim is to develop tools for computing or bounding real log canonical thresh-
olds of ideals. Section 3 summarizes useful fundamental properties of real log canonical
thresholds. In Section 4, we derive local thresholds in nondegenerate cases using an impor-
tant tool from toric geometry involving Newton polyhedra. This method was invented by
Varchenko [24] and applied to statistical models by Watanabe and Yamazaki [29]. Their
formulas were defined for functions, but we develop extensions of these formulas for ide-
als. We introduce a new notion of nondegeneracy for ideals, known as sos-nondegeneracy,
and give the following bound for the real log canonical threshold of an ideal with respect
to a monomial amplitude function w” := wi'---w}’. These monomial functions occur
frequently when we apply a change of variables to resolve the singularities in a model.
Newton polyhedra and their 7-distances are defined in Section 4.

Theorem 3. Let I be a finitely generated ideal in the ring of functions which are real
analytic on ), and suppose the origin 0 lies in the interior of Q). Then, for every sufficiently
small neighborhood 2y of the origin,

RLCTq, (I;07) < (1/1;,0,)

where l; is the T-distance of the Newton polyhedron P(I) and 0, its multiplicity. Equality
occurs when I is monomial or, more generally, sos-nondegenerate.

This theorem has two main consequences. Firstly, it tells us that the real log canonical
threshold of an ideal can be computed by finding a change of variables which monomial-
izes the ideal. Secondly, due to Theorems 1 and 2, upper bounds on real log canonical
thresholds translate to asymptotic lower bounds on the likelihood integral of a statistical
model, which in turn give upper bounds on the stochastic complexity of the model.

Currently, there are no programs for computing real log canonical thresholds. There
are applications which compute resolutions of singularities, but our statistical problems
are too big for them. We hope that our work is a step in bridging the gap. Some of our
tools are implemented in a SINGULAR library at

https://w3id.org/people/shaoweilin/public/rlct.html.
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This library computes the Newton polyhedron of an ideal, computes 7-distances, and
checks if an ideal is sos-nondegenerate. Instructions and examples on using the library
may be found at the above website.

In summary, the learning coefficient of a statistical model is a useful measure of the
model complexity and plays an important role in model selection. Because computing this
coefficient often requires careful analysis of the Kullback-Leibler function, we propose an
ideal-theoretic approach to make this calculation more tractable. This method has several
advantages. Firstly, it directly exploits poly-nomiality in the model parametrization. Sec-
ond, the real log canonical threshold of an ideal is independent of the choice of generators,
and this choice provides flexibility to our computations. Thirdly, it is easier to construct
Newton polyhedra for polynomial ideals and to check their nondegeneracy (Proposition
3(3)), than for nonpolynomial Kullback-Leibler functions. We demonstrate these ideas in
Section 5 by computing the learning coeflicients of a discrete mixture model which comes
from a study involving 132 schizophrenic patients.

To introduce some notation, given z € R% let A,(R?) be the ring of real-valued
functions f : R — R that are analytic at . We sometimes shorten the notation to A,
when it is clear that we are working with the space R%. When = = 0, it is convenient
of think of Ay as a subring of the formal power series ring R[wy,...,wq]] = R[[w]]. It
consists of power series which are convergent in some neighborhood of the origin. For all
z, A, is isomorphic to Ay by translation. Given a subset Q C R?, let Aq be the ring of
real functions analytic at each point z € . Locally, each function can be represented as
a power series centered at z. Given f € Agq, define the analytic variety Vo(f) = {w € Q:
f(w) = 0} while for an ideal I C Agq, we set Vo(I) = NyerVa(f). Lastly, given a finite
multiset S C R, let #min .S denote the number of times the minimum is attained in S.

2. Resolution of Singularities

In this section, we introduce Hironaka’s theorem on resolutions of singularities. We
derive real log canonical thresholds of monomial functions, and demonstrate how such
resolutions allow us to find the thresholds of non-monomial functions. We show that the
threshold of a function over a compact set is the minimum of local thresholds, and present
an example where the threshold at a boundary point depend on the boundary inequalities.
We discuss the problem of locating singularities with the smallest threshold, and end this
section with formulas for the asymptotic expansion of a Laplace integral.

Before we explore real log canonical thresholds of ideals, let us study those of functions.
Given a compact subset  of R%, a real analytic function f € Aq with f # 0, and a smooth
function ¢ : R — R, consider the zeta function

() = /Q F@)| 7 o) dw, z€C. (5)

This function is well-defined for z € R<g. If {(z) can be continued analytically to the
whole complex plane C, then all its poles are isolated points in C. Moreover, if all its
poles are real, then there exists a smallest positive pole A. Let € be the multiplicity of this
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pole. The pole A is the real log canonical threshold of f with respect to ¢ over Q. If {(2)
has no poles, we set A = oo and leave 6 undefined. Let RLCTq(f;¢) be the pair (A, 6).
By abuse of notation, we sometimes refer to this pair as the real log canonical threshold
of f. We order these pairs such that (A1,01) > (Ag,02) if A\; > A2, or A\; = A2 and 01 < 05.
Intuitively, considering the asymptotics of log Z(N) in Theorem 1, the ordering is defined
in this way so that (A1,61) > (Ag,02) if and only if

Alog N — (01 —1)loglog N > Aalog N — (A2 — 1) loglog N

for sufficiently large N. Lastly, let RLCTq f denote RLCTq(f;1) where 1 is the constant
unit function.

We start with a simple class of functions for which it is easy to compute the real log
canonical threshold. It is the class of monomials wy* - - -wgd = w".

Proposition 1. Let k = (Kk1,...,kq) and T = (11,...,74) be vectors of non-negative
integers. If Q) is the positive orthant R%o and ¢ : R* — R is compactly supported and
smooth with ¢(0) > 0, then RLCTq(w";w™¢) = (A, 0) where

Proof. See [2, Lemma 7.3]. The idea is to express ¢(w) as Ts(w) + Rs(w) where T is
the s-th degree Taylor polynomial and R the difference. We then integrate the main term
| f|~# T explicitly and show that the integral of the remaining term |f|~* R does not have
smaller poles. This process gives the analytic continuation of {(z) to the whole complex
plane, so we have the Laurent expansion

d .
(=33 % p) (6)

a>0 i=1 (z —a)

where the poles « are positive rational numbers and P(z) is a polynomial.

For non-monomial f(w), Hironaka’s celebrated theorem [15] on the resolution of sin-
gularities tells us that we can always reduce to the monomial case. Here, a d-dimensional
real analytic manifold is a topological space (second countable and Hausdorff) that can be
covered by charts which are homeomorphic to open balls in R? and where the transition
maps between charts are real analytic maps.

Theorem 4 (Resolution of Singularities). Let f be a non-constant real analytic function
in some neighborhood Q C R of the origin with f(0) = 0. Then, there exists a triple
(M, W, p) where

a. W C Q is a neighborhood of the origin,
b. M is a d-dimensional real analytic manifold,

c. p: M — W is a real analytic map
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satisfying the following properties.

i. p is proper, i.e. the inverse image of any compact set is compact.

it. p is a real analytic isomorphism between M\ Vas(f o p) and W\ Vv (f).

iii. For anyy € Vi (f o p), there exists a chart M, with coordinates pn = (pi1, ft2, - - . ftd)
such that y is the origin and

fop(p) =alpw)py ns® - - pg® = a(p)p”
where K1, Ko, . .., Kq are non-negative integers and a is a real analytic function with

a(p) # 0 for all . Furthermore, the Jacobian determinant equals

/()] = h(p)pi g’ - pg = h(pw)p”

where T, 7o, ...,Tq are non-negative integers and h is a real analytic function with
h(w) # 0 for all .

We say that (M, W, p) is a resolution of singularities or a desingularization of f at
the origin. The set of points in M where p is not one-to-one is the exceptional divisor.
From properties (i) and (ii), it also follows that p is surjective: if x € Vi (f), we pick a
compact neighborhood V' of x and a sequence z1, x2, ... of points in V' \ Viy(f) converging
to z. The sequence can be chosen off the variety because the variety has measure zero.
Then, the preimages p~'(z1), p~!(x2),... contain a converging subsequence with limit y,
and p(y) = = by continuity.

Now, let us desingularize a list of functions simultaneously.

Corollary 1 (Simultaneous Resolutions). Let fi, ..., fi be non-constant real analytic func-
tions in some neighborhood Q C R of the origin with all f;(0) = 0. Then, there exists a
triple (M, W, p) that desingularizes each f; at the origin.

Proof. The idea is to desingularize the product fi(w)--- fi(w) and to show that such a
resolution of singularities is also a resolution for each f;. See [27, Thm 11] and [13, Lemma
2.3] for more details.

For the rest of this section, let Q = {w € RY, g1(w) >0,...,g/(w) > 0} be compact and
semianalytic. Assume that f,p € Aq, and that f,g1,...,g; are not constant functions.

Lemma 1. For each x € ), there is a neighborhood Q0 of x in  such that for all smooth
functions ¢ on Qg with ¢(x) > 0,

RLCTq, (f; ¢) = RLCTq, (f; ).

Proof. Let z € Q. If f(x) # 0, then by the continuity of f, there exists a small
neighborhood €2, where 0 < ¢; < |f(w)| < ¢y for some constants ¢1,ce. Hence, for all
smooth functions ¢, the zeta functions

/ £(@)| 7ow)é(@)| dw  and / F@)| ()] dw
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do not have any poles, so the lemma follows in this case.

Suppose f(z) = 0. By Corollary 1, we have a simultaneous local resolution of singu-
larities (M, W, p) for the functions f, ¥, ¢1,...,¢ vanishing at z. For each point y in the
fiber p~!(z), we have a local chart M, satisfying property (iii) of Theorem 4. Since p is
proper, the fiber p~1(z) is compact so there is a finite subcover {M,}. We claim that the
image p(|J M,) contains a neighborhood W, of x in R%. Indeed, otherwise, there exists
a bounded sequence {z1,x2,...} of points in W \ p(|J M,) whose limit is . We pick a
sequence {y1,y2, ...} where p(y;) = z;. Since the x; are bounded, the y; lie in a compact
set so there is a convergent subsequence {g;} with limit y,. The g; are not in the open set
U M, so nor is y.. But p(y.) = lim p(§;) = = so y. € p~(z) C M, a contradiction.

Now, define 2, = W,NQ and let {M,} be the collection of all sets M, = M,Np~1(Qy)
which have positive measure. Picking a partition of unity {o,(x)} subordinate to {M,}
such that o, is positive at y for each y [27, Theorem 6.5], we write the zeta function

(2) = Jo, [f)*lp(w)p(w)| dw as

3 /M 1 0 0()| " e 0 ()l © ()1 (10) oy 1) i

For each y, the boundary conditions g; o p(p) > 0 become monomial inequalities, so M,
is the union of closed orthant neighborhoods of y. The integral over M, is then the sum
of integrals of the form
Cylz) = / P () dp
RS,

where x and 7 are non-negative integer vectors while 1) is a compactly supported smooth
function with ¢ (0) > 0. Note that x and 7 do not depend on ¢ nor on the choice of
orthant at y. By Proposition 1, the smallest pole of ,(2) is

. T+
}, 0y =# min {L—
1<j<d K 1<j<d' K

1.

Now, RLCTq, (f;¢¢) = miny{(Ay,0,)}. Since this formula is independent of ¢, we set
¢ =1 and the lemma follows.

Proposition 2. Let ¢ : 2 — R be positive and smooth. Then, for sufficiently small
neighborhoods €, the set {RLCTq, (f;¢) : x € Q} has a minimum and

RLCTq(f; p¢) = min RLCTq, (f; ).

Proof. Lemma 1 associates a small neighborhood to each point in the compact set €2,
so there exists a finite subcover {Q; : © € S}. Let {o;(w)} be a smooth partition of unity
subordinate to this subcover where o, (x) > 0 for all x. Then,

/Q ‘f(Q)‘7Z‘¢(w)¢(w)‘ dw — Z

€S

[ 1@ ot on(o) o
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From this finite sum, we have
RLCTq(f;v0) = Irlelg RLCTq, (f; popoy) = melgl RLCTq, (f; ).

Now, if y € Q\ S, let €, be a neighborhood of y prescribed by Lemma 1 and consider the
cover {Q, : x € S} U{Q,} of Q. After choosing a partition of unity subordinate to this
cover and repeating the above argument, we get

RLCTq(f;p9) < RLCTq,(f;¢) forall y € €.

Combining the two previously displayed equations proves the proposition.

Abusing notation, we now let RLCTq, (f;¢) represent the real log canonical threshold
for a sufficiently small neighborhood €2, of x in €. If z is an interior point of 2, we denote
the threshold at by RLCT,(f;¥).

Corollary 2 (See also [27, §4.5]). Given a compact semianalytic set Q C R%, a nearly
analytic function ¢ : Q@ — R, and f € Aq satisfying f(x) = 0 for some x € Q, the zeta
function (5) can be continued analytically to C. It has a Laurent expansion (6) whose
poles are positive rational numbers with a smallest element.

Proof. The proofs of Lemma 1 and Proposition 2 outline a way to compute the Laurent
expansion of the zeta function (5).

Remark 1. In our definition of real log canonical thresholds, we considered integrals with
respect to densities |p(w)|dw for some nearly analytic function @, while Watanabe only
considers the special case where the density is p(w) dw for some smooth positive function .
Our general case includes the situation where the absolute value of a Jacobian determinant
1s multiplied to the density under a change of variables. To prove the basic properties of
real log canonical thresholds, we need to resolve the singularities of the wvariety ¢ = 0
together with those cut out by f,g1,...,q;, as demonstrated in Lemma 1.

Example 1. We now show that the threshold at a boundary point depends on the boundary
inequalities. Consider the following two small neighborhoods of the origin.

O ={(r,y) eR?:0<z<y<e}
Qo ={(z,y) eRZ:0<y<z<¢e}

To compute the real log canonical threshold of the function xy? over these sets, we have
the corresponding zeta functions below.

5 Yy 5 5—32—&-2
- Ay e dy =
G(2) /0 /0 Ty oaray (—2+1)(—32 +2)

€ T ) 6—32—1—2
_ 20,722 o d _
(=) /0 /0 SR (22 +1)(—32 1 2)

This shows that RLCTq, (zy?) = 2/3 while RLCTq, (xy?) = 1/2. O
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Because the real log canonical threshold over a set  C R is the minimum of thresh-
olds at points x € €2, we want to know where this minimum is achieved. Let us study this
problem topologically. Consider a locally finite collection S of pairwise disjoint subman-
ifolds S C 2 such that 2 = UgesS and each S is locally closed, i.e. the intersection of
an open and a closed subset. Let S be the closure of S. We say S is a stratification of
Qif SNT # () implies S C T for all S,T € S. A stratification S of  is a refinement of
another stratification 7 if SNT # () implies S C T for all S € Sand T € T.

Let the amplitude ¢ : @ — R be nearly analytic. Let S g)1,-..,50), be the
connected components of the set {z € Q : RLCTq_(f;¢) = (A,0)}, and let S denote the
collection {5y g);} where we vary over all A, § and i. Now, define the order ord, f to be
the smallest degree of a monomial appearing in a series expansion of f at z € Q [10, §3.9].
This number is independent of the choice of local coordinates wy,...,wy because it is the
largest integer k such that f € m¥ where m, = {g € A, : g(z) = 0} is the vanishing ideal of
x. Define Tj 1, ..., T} s to be the connected components of the set {z € Q : ord, f = I} and
let 7 be the collection {77 ;} where we vary over all [ and j. We conjecture the following
relationship between S and 7. It implies that the minimum real log canonical threshold
over a set must occur at a point of highest order.

Conjecture 5. The collections S and T are stratifications of 2. Furthermore, if the
amplitude ¢ is a positive smooth function, then S refines T .

Laplace integrals such as (1) occur frequently in physics, statistics and other applica-
tions. At first, the relationship between their asymptotic expansions and the zeta function
(3) seems strange. The key is to write these integrals as

Z(N):/ NI | o )\dw:/oooemv(t)dt

/\f ]dw—/ooot_zv(t)dt

where v(t) is the state density function [27] or Gelfand-Leray function [2]

d
o =5 | ()] o
t Jo<|f(w)<t

Formally, Z(N) is the Laplace transform of v(¢) while {(z) is its Mellin transform. Note
that contrary to its name, v(¢) is not strictly a function, but it can be defined as a Schwartz
distribution. Next, we study the series expansions

Z(N) ~ ZZCQ’L IOgN) (7)

a =1

d
D bait*(logt) ! (8)

a =1

=
%
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((z) ~ YD dailz—a) 9)

where (7) and (8) are asymptotic expansions while (9) is the principal part of the Laurent
series expansion. The number d of summands here is the dimension of the parameter space
Q ¢ R Formulas relating the coefficients b4, cq; and dq; may then be deduced from
the Laplace and Mellin transforms of t*(logt)’. For detailed expositions, we refer readers
to Arnol’d-Gusein-Zade—Varchenko [2, §6-7], Watanabe [27, §4] and Greenblatt [14].

Using this strategy, we now give explicit formulas for the asymptotic expansion of
an arbitrary Laplace integral. Our formulas generalize those of Arnol’d—Gusein-Zade—
Varchenko [2, §6-7] because they apply also to parameter spaces € with analytic boundary.
Watanabe [27, Remark 4.5] gives a similar asymptotic expansion for bounded parameter
spaces but we derive precise relationships between the asymptotic coefficients ¢, ; and the
Laurent coefficients d, ; in terms of derivatives '@ of Gamma functions.

Theorem 6. Let Q C R? be a compact semianalytic subset and ¢ : © — R be nearly
analytic. If f € Aq with f(x) =0 for some x € Q, the Laplace integral

Z(N) = /Q e M) ()] duo

has the asymptotic expansion

chaz IOgN) (10)

a =1

The « in this expansion range over positive rational numbers which are poles of

@)= [ 15 et (1)
for any 6 >0 and Q5 = {w € Q: |f(w)| < d}. The coefficients cq; satisfy

1) TU- z)

Ca,i: Z—l 'Z CY,' (12)

—1)
J@"7

where dy, ; is the coefficient of (z — «) ™7 in the Laurent expansion of ((z).
Proof. First, set 6 = 1. We split the integral Z(N) into two parts:
2= [ Mg [ M) d.
[ (w)<1 | (w)|>1

The second integral is bounded above by Ce™ for some non-negative constant C, so
asymptotically it goes to zero more quickly than any N ~%. For the first integral, we write
((z) as the Mellin transform of the state density function v(t).

1
() = /f(w)<1\f(w)} o)l = [ o) ar
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By Corollary 2, ((z) has a Laurent expansion (6). Since |f(w)| < 1, by dominated con-
vergence ((z) — 0 as z — —o0, so the polynomial part P(z) is identically zero. Applying
the inverse Mellin transform [3] to ((z), we get a series expansion (8) of the state den-
sity function v(t). Applying the Laplace transform to v(¢) in turn gives the asymptotic
expansion (7) of Z(N). The formulas

/ e~ Nt tozfl(log t)i dt ~ Z (Z) (_1)j]_‘(i*j) (a) Nfo‘(log N)J
0 : J
j=0
1 ‘ '
/ 2t Ylogt) dt = — il (z — o) ~(F)
0

from [2, Thm 7.4] and [27, Ex 4.7] give us the relations

d .
i j—1 j—i :
Cayi = (*1) 1 Z (’L _ 1)F(] )(a) bafl,jy da,j = (] - 1)!ba71,j-
=i

Equation (12) follows immediately. Finally, for all other values of §, we write

/ |£(w)]o(w) dw = /Q |F@)| (@)l + /f( el ea

The last integral does not have any poles, so the principal parts of the Laurent expansions
of the first two integrals are the same for all J.

3. Real Log Canonical Thresholds

In this section, we prove basic properties of real log canonical thresholds (RLCTS)
which enable us to compute them more efficiently. The learning coefficient of a statistical
model is shown to be the RLCT of the ideal generated by its defining equations.

In this section, let © C R? be a compact semianalytic subset and let ¢ : & — R be
nearly analytic. Given functions fi, ..., f, € Aq, let RLCTq(f1,..., fr; ©) be the smallest
pole and multiplicity of the zeta function (4). Recall that these pairs are ordered by the
rule ()\1,91) > (/\2,92) if A > )\2, or \7; = Ao and 91 < 92. For =z € Q, we define
RLCTq,(f1,---, fr;¢) to be the threshold for a sufficiently small neighborhood of x in .

Remark 2. The (complez) log canonical threshold may be defined in a similar fashion. It
1s the smallest pole of the zeta function

C(2) = /Q (L@ + -+ o)) de.

Note that the f? have been replaced by |fi|* and the exponent —z/2 is changed to —z.
Crudely, this factor of 2 comes from the fact that C% is a real vector space of dimension
2d. The complex threshold is often different from the RLCT [23]. From the algebraic
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geometry point of view, more is known about complex log canonical thresholds than about

real log canonical thresholds. Many results in this paper were motivated by their complex
analogs [6, 16, 17, 19].

Now, we give several equivalent definitions of RLCTq(f1, ..., fr; ) which are helpful
in proofs of the fundamental properties.

Proposition 3. Given functions fi,..., fr € Aq such that Vo({f1,..., fr)) is nonempty
and each f; # 0, the pairs (X, 0) defined below are all equal.

a. The logarithmic Laplace integral

08 2(3) = o [ exp (<N 32 1i?) o]
=1

s asymptotically —% log N + (60 — 1) loglog N + O(1).

b. The zeta function
T —2/2
)= (X ) el

has a smallest pole \ of multiplicity 0.

c. The pair (\,0) is the minimum

In fact, it is enough to vary x over Vo({fi,..., fr)).

Proof. Ttem (b) is the original definition of the RLCT. The equivalence of (a) and (b)
follows from Theorem 6, and that of (b) and (c¢) from Proposition 2. The last statement
of (c) is due to the RLCT being oo for « ¢ Vo({f1,..., fr)). See also [27, Thm 7.1].

Our first property describes the effect of the boundary on the RLCT.

Proposition 4. Let x be a point on the boundary of Q C R%. For every neighborhood W
of x in the ambient space R?,

RLCTw (f; ¢) < RLCTa, (f;9)-

Proof. For a sufficiently small neighborhood €2, of x in 2, we have Q, C W, so the
corresponding Laplace integrals satisfy Zqg (N) < Zw (N). By Proposition 3, this gives
the opposite inequality on the RLCTs.

If the function whose RLCT we are finding is complicated, we may replace it with a
simpler function that bounds it. Given f,g € Aq, we say that f and g are equivalent in
Qife1f <g<cof in Q for some c¢1,co > 0.
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Proposition 5 (27, Remark 7.2]). Given f,g € Aq, suppose that 0 < cf < g in Q for
some ¢ > 0. Then, RLCTq(f;¢) < RLCTq(g;¢).

Corollary 3. If f,g are equivalent in Q, then RLCTq(f;¢) = RLCTq(g;¢).

RLCTq(f2 +--- 4 f%¢) = (A, 0) implies RLCTq(f1, ..., fr;¢) = (2)\,6). From this,
it seems that we should restrict ourselves to RLCTs of single and not multiple functions.
However, as the next proposition shows, multiple functions are important because they
allow us to work with ideals for which different generating sets can be chosen. This gives
us freedom to switch between single and multiple functions in powerful ways. For instance,
special cases of this proposition such as Lemmas 3 and 4 of [1] have been used to simplify
computations considerably.

Proposition 6. If two sets {f1,..., fr} and {g1,...,9s} of functions generate the same
ideal I C Agq, then

RLCTQ(fla ceey f?“; 90) - RLCTQ(gla -5 0s; SO)
Define this pair to be RLCTq(I; ¢).

Proof. Each g; can be written as a combination hqfi + --- + h, f, of the f; where the
h; are real analytic over (). By the Cauchy-Schwarz inequality,

F< R ().

Because () is compact, the h; are bounded. Thus, summing over all the g;, there is some

constant ¢ > 0 such that,
S T
2 2
d_gi<ed fi
j=1 i=1

By Proposition 5, RLCTq(g1,...,9r;¢) < RLCTq(f1,..., fr;®) and by symmetry, the
reverse is also true, so we are done. See also [23, §2.6].

For the next result, let fi,...,f, € Ax and g1,...,95s € Ay where X C R™ and
Y C R" are compact semianalytic subsets. This occurs, for instance, when the f; and g; are
polynomials with disjoint sets of indeterminates {z1,...,z,,} and {y1,...,yn}. Let px :
X — R and ¢y : Y — R be nearly analytic. Define (Ax,0x) = RLCTx(f1,..., fr;¥x)
and (Ay,0y) = RLCTy (g1,...,9s;¢y)-

By composing with projections X xY — X and X xY — Y, we may regard the f; and
g; as functions analytic over X xY. Let Ix and Iy be ideals in Axyy generated by the f;
and g; respectively. Recall that the sum Iy + Iy is generated by all the f; and g; while
the product Ix Iy is generated by f;g; for all 7, j.

Proposition 7. The RLCTs for the sum and product of ideals Ix and Iy are

RLCTxxy(Ux + Iy;oxpy) = (Ax+ Ay, Ox +0y —1),
(Ax, Ox) if Ax < Ay,
RLCT xxy(IxIy;pxpy) = (Ay, Oy) if Ax > Ay,

(Ax, Ox + 9)/) if)\X = Ay.
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Proof. Define f(z) = f2+---+ f? and g(y) = g2+ -+ g2, and let Zx(N) and Zy (N)
be the corresponding Laplace integrals. By Proposition 3,
log Zx(N) = —iAxlogN + (0x —1)loglog N + O(1)
log Zy (N) = —3AylogN + (6y —1)loglog N + O(1)

asymptotically. If (A,0) = RLCTxxy (Ix + Iy; ox®y), then
—3Alog N + (0 — 1) loglog N + O(1)
= log fXXY eiNf(x)iNg(y)’SOXHSOY| dx dy

=log Zx(N) +log Zy(N)
=—1(Ax + Av)log N + (6x + 0y —2)loglog N + O(1)

and the first result follows. For the second result, note that

f@)gly) = figi+ figs+-+ frg2.

Let (x(2) and (y(2z) be the zeta functions corresponding to f(x) and g(y). According to
Proposition 3, (Ax,f0x) and (Ay, fy ) are the smallest poles of (x(z) and (y (z). Meanwhile,
RLCT xxy (IxIy;pxpy) is the smallest pole of

C2) = Jyuy (F@9@)) P loxlloy|dzdy
= ([x f@)*lex|dz)( [y ) Pleyldy) = (x(2)Crv(2).

The second result then follows from the relationship between the poles.

Our last property tells us the behavior of RLCTs under a change of variables. Consider
an ideal I C Ay where W is a neighborhood of the origin. Let M be a real analytic
manifold and p : M — W be a proper real analytic map. Then, the pullback p*I is locally
the ideal of real analytic functions on M that is generated by f o p for all f € I (also
called the inverse image ideal sheaf [18, §3.3]). If p is an isomorphism between M \ V(p*I)
and W\ V(I), we say that p is a change of variables away from V(I). Let |p’| denote the
Jacobian determinant of p. We call (p*I; (¢ o p)|p’|) the pullback pair.

Proposition 8. Let W be a neighborhood of the origin and I C Aw a finitely generated
ideal. If M is a real analytic manifold, p : M — W is a change of variables away from
V(I) and M = p=1(QN W), then

RLCTq, (I ¢) = jouin  RLCT (p"L; (w2 p)IP'))-

Proof. Let fi,..., f. generate I and let f = f2+---+ f2. Then, RLCTgq,(I; ) is the
smallest pole and multiplicity of the zeta function

<@:Afwwﬂwmm
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where Qg C W is a sufficiently small neighborhood of the origin in 2. Applying the change
of variables p, we have

() = / £ 0 ()20 0 ()1 ()] s
p~1(Q0)

The proof of Lemma 1 shows that if () is sufficiently small, there are finitely many points
y € p~1(0) and a cover {M,} of M = p~1(Qp) such that

2) = o —z/2 ° / o
0 Z /Myf o(1)~Ii0 0 p()l0' (1)l (1) di

where {o,} is a partition of unity subordinate to {M,}. Furthermore, the f; o p generate
the pullback p*I and fop = (fiop)?2+---+ (fop)?. Therefore,

RLCT um, (f © o3 (¢ o p)lp'loy) = RLCTu, (07 I3 (¢ 0 p) ')
and the result follows from the two previously displayed equations.
We are now ready to prove Theorem 2 which was inspired by Watanabe.

Proof of Theorem 2. Let Q(w) = Zle(pi(w) — ¢;)%. The learning coefficient is the
RLCT of the Kullback-Leibler distance K (w), so it is enough to show that RLCTq, K =
RLCTq, @ for each x € V(K) = V(Q). By Corollary 3, we only need to show that K
and @) are equivalent in a sufficiently small neighborhood of . Now, the Taylor expansion
—logt=(1—1t)+ 3(1 —t)?+ - implies there are c,co > 0 such that near t = 1,

ci(t—1)2 < —logt+t—1< et —1)2 (13)
Choosing a sufficiently small W, such that p;(w)/¢; is near 1, we have

Pl) gy o gog i@ pil@) g pil@)

qi qi qi qi

Cl(

for all w € W,. Multiplying by ¢;, summing from ¢ = 1 to k£ and observing that the p; and
the ¢; add up to 1, we get

ng'( —)S wSngq( —>-
=N =\ w
Again, using the fact that the ¢; are non-zero, we have
c k 2 c b 2
1 2
E (W) —q)" < K(w) < E (W) — q;
max; g; *— (pl(w) ql) < Klw) < min; g; i=1 (pZ(W) qZ)

which completes the claim. The more general statement for a real analytic K (w) which
is bounded by scalar multiples of a sum of squared functions follows from Proposition 2,
Corollary 3 and the definition of RLCTq(I; ¢).
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4. Newton Polyhedra and Nondegeneracy

Given an analytic function f € Ag(R?), we pick local coordinates {w,...,wq} in a
neighborhood of the origin. This allows us to represent f as a power series Y, cqw® where
w = (wi,...,wyq) and each a = (ay,...,aq) € N9 Let [w®]f denote the coefficient ¢, of

w® in this expansion. Define its Newton polyhedron P(f) C R? to be the convex hull
P(f) =conv{a+da : [w*f#0,a € R‘éo}.
A subset v C P(f) is a face if there exists 8 € R? such that
y={aeP(f): a-B<a - Bforall ' € P(f)}.

where - is the standard dot product. Dually, the normal cone at ~ is the set of all 3 € R?
satisfying the above condition. Each ( lies in the non-negative orthant Rio so that « - 3
achieves a minimum as a varies over the unbounded set P(f). As a result, the union of
all the normal cones gives a partition F(f) of the non-negative orthant called the normal
fan. Now, given a compact subset v C R%, define the face polynomial

Recall that f, is singular at a point x € R? if ord, fy =2, ie.

_h _0h
8&)1 8wd

f(x) () = () = 0.

We say that f is nondegenerate if f, is non-singular at all points in the torus (R*)? for all
compact faces v of P(f), otherwise we say f is degenerate. Now, we define the distance [
of P(f) to be the smallest t > 0 such that (¢,¢,...,t) € P(f). Let the multiplicity 0 of | be
the codimension of the lowest-dimensional face of P(f) at this intersection of the diagonal
with P(f). However, if [ = 0, we leave 6 undefined. These notions of nondegeneracy,
distance and multiplicity were first coined and studied by Varchenko [24].

We now extend the above notions to ideals. For any ideal I C Ay, define
P(I) = conv {a € R? : [w*]f # 0 for some f € I}.
Related to this geometric construction is the monomial ideal
mon(/) = (w* : [w*]f # 0 for some f € I).

Note that I and mon(I) have the same Newton polyhedron, and if I is generated by
fi,y--., fr, then mon(J) is generated by monomials w® appearing in the f;. One conse-
quence is that P(fZ + --- + f?) is the scaled polyhedron 2P(I). More importantly, the
threshold of I is bounded by that of mon(I). To prove this result, we need the following
lemma. Recall that by the Hilbert Basis Theorem or by Dickson’s Lemma [10], mon(]) is
finitely generated.
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Lemma 2. Given f € Ag(R?), let S be a finite set of exponents o of monomials w® which
generate mon({f)). Then, there is a constant ¢ > 0 such that

[f@)]<ed fwl
a€EesS

in a sufficiently small neighborhood of the origin.

Proof. Let ) cow® be the power series expansion of f. Because f is analytic at the
origin, there exists € > 0 such that

Z |ca| €T < o0,

67

Let S = {a®,..., a®)} where the monomials we” generate mon((f)). Then,

f(bd) _ Wa(l)gl (w) et wa(s)gs(w)

for some power series g;(w). Each g;(w) is absolutely convergent in the e-neighborhood U
of the origin because f is absolutely convergent in U. Thus, the g;(w) are analytic. Their
absolute values are bounded above by some constant ¢ in U, and the lemma follows.

Below, RLCT(/; ) denotes the RLCT of I with respect to ¢ at the origin.

Proposition 9. Let I C A be a finitely generated ideal and ¢ : R® — R be nearly analytic
at the origin. Then,
RLCTy(I;¢) < RLCTo(mon(I); ).

Proof. Given f € Ag(R%), let S be a finite set of generating exponents a for mon({f)).
By Lemma 2 and the Cauchy-Schwarz inequality, there exist constants ¢, ¢’ > 0 such that

2
fQS <02’w‘a> SC/ZWQQ
a€eS a€eS

in a sufficiently small neighborhood of the origin. Therefore, if f1,..., f, generate I, then
f2 4+ ...+ f? is bounded by a constant multiple of the sum of squares of monomials
generating mon(/). The result now follows from Propostion 5.

Given a compact subset v C R?, define the face ideal
L=(fy: fel).
The next result tells us how to compute I, for an ideal I = (f1,..., f).

Proposition 10. For all compact faces v € P(I1), Iy = (fiy, .- fry)-
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Proof. By definition, (fi,..., fry) C I,. For the other inclusion, it is enough to show
that fy € (fiy,..., fry) for all f € I. First, we claim that if w® = w®w® with a € v and
w® € mon(I), then w®’ = 1. Indeed, for all § € R<, in the normal cone dual to v, we
have a-f=0a -+ o -p,but a-B <o -3 so "B =0. This implies o + ko’ € ~
for all integers k& > 0. Since ~ is compact, o’ must be the zero vector so w® =1.

Now, if f € I, then f = hyfi + --- 4+ h,f, for some analytic functions hq, ..., h,.
Clearly, f, = (h1f1)y + -+ + (hrfr)y. By the above claim, (h;f;), = hiofiy where hy is
the constant term in h;. Hence, f, = hiofiy + - + hrofry € (fiy,- .., fry) as required.

Remark 3. Let B be a vector in the normal cone dual to the face v of P(I). Consider
the weight order associated to 3, and let ingf be the sum of all the terms of f that are
mazximal with respect to this (partial) order [10, §15]. Let ingl be the initial ideal ingl =

(ingf: fel). A setof functions fi,..., fr € I is a Grobner basis for I if and only if

ingl = (ingfi,...,ingfy).

Comparing this statement with the previous result, one could ask why the generators
fi,..., fr of I need not be a Grébner basis for Proposition 10 to hold. This confusion
comes from incorrectly equating the face ideal I, with the initial ideal ingl when we only
have containment I, C ingl. For instance, if

I= <f17f27f3> = <$y— ZB,LUZ —y3,y2—1‘3>

and vy is the convex hull of {(1,1,0),(1,0,1),(0,1,1)}, then I, = (zy,xz,yz). Meanwhile,
B=(1,1,1) and ingl contains y* — 21 = z2fi —yfo but y* — 21 ¢ L.

Lastly, we give several equivalent definitions of nondegeneracy for ideals. If an ideal I
satisfies them, we say that I is sos-nondegenerate, where sos stands for sum-of-squares.

Proposition 11. Let I C Ag be an ideal. The following are equivalent:
1. For some generating set {f1,..., fr} for I, f2 +---+ f? is nondegenerate.
2. For all generating sets {f1,..., f;} for I, f2 +---+ f? is nondegenerate.
3. For all compact faces v C P(I), the variety V(I,) C R? does not intersect (R*).

Proof. Let fi,..., f, generate I and let f = fZ+---+ f2. If v is a compact face of P(I),
then the set (27) is a compact face of P(f) = 2P(I). Moreover, f(o,) = f127 +---+ f2 and

df(2y) df1 0
=2 T 2L
8wi fl’y &,ui + + f K &ui
Now, f127+' . -—|—f37 = Oifand only if f1, = --- = f,, = 0. It follows that f is nondegenerate

if and only if V((fiys-- -, fry)) N (R*)? = V(L) N (R*)4 = () for all compact faces v C P(I).
This proves (1) < (3) and (2) < (3).
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Remark 4. The nondegeneracy of a function f need not imply the sos-non-degeneracy of
the ideal (f), e.g. f =x+y.

Remark 5. After finishing this paper, we discovered another notion of nondegeneracy for
ideals of complex formal power series due to Saia [22], which was shown to be equivalent
to the complex version of Proposition 11(3) [5, §2].

We recall some basic facts about toric varieties. We say a polyhedral cone o is generated
by vectors v1,...,v; € R4 if 0 = {3, Aivi - Ay > 0}. If 0 is generated by lattice vectors
v; € Z%, then o is rational. If the origin is a face of o, then o is pointed. A ray is a pointed
one-dimensional cone. Every rational ray has a lattice generator of minimal length called
the minimal generator, and every pointed rational polyhedral cone o is generated by the
minimal generators of its one-dimensional faces. If these minimal generators are linearly
independent over R, then o is simplicial. A simplicial cone is smooth if its minimal
generators also form part of a Z-basis of Z¢. A collection F of pointed rational polyhedral
cones in R? is a fan if the faces of every cone in F are in F and the intersection of any
two cones in F are again in F. The support of F is the union of its cones as subsets of
R?. If the support of F is the non-negative orthant, then F is locally complete. If every
cone of F is simplicial (resp. smooth), then F is simplicial (resp. smooth). A fan Fj is a
refinement of another fan F5 if the cones of F; come from partitioning the cones of Fs.
See [12] for more details.

Given a smooth simplicial locally complete fan F, we have a smooth toric variety P(F)
covered by open charts U, ~ R%, one for each cone o of F that is maximal under inclusion.
Furthermore, the blow-up pr : P(F) — R? is defined as follows: for each maximal cone o
of F minimally generated by v1,...,vq with v; = (v;1,...,vq), we have monomial maps
po : Uy — R? on the open charts.

(1, s pa) > (w1, s 100)
_ V11, V21 Vg1
Wi = Ky o™ e g
_ v12,,V22 Vd2
W2 = Ky "™ By
— ,V1d ,V2d Vad
W = Hy Ho™ r Hy

Let v = v, be the matrix (v;;) where each minimal generator v; forms a row of v. We
represent the above monomial map by w = p". If v;4 represents the i-th row sum of v,
the Jacobian determinant of this map is

(det v)ﬂi)l*_l . 'ugc”fl.

We will now connect these concepts. The next two theorems are due to Varchenko,
see [24] and [2, §8.3]. His notion of degeneracy is weaker than ours because it does not
include the condition f, = 0, but his proof [2, Lemma 8.9] actually supports the stronger
notion. The set up is as follows: suppose f is analytic in a neighborhood W of the origin.
Let F be any smooth simplicial refinement of the normal fan F(f) and pr be the blow-up
associated to F. Set M = p}l(W). Let [ be the distance of P(f) and 6 its multiplicity.
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Theorem 7. (M, W, pr) desingularizes f at 0 if f is nondegenerate.
Theorem 8. RLCTy f = (1/1,0) if (M, W, pr) desingularizes f at 0.

We extend Theorem 8 to compute RLCT(f;w”) for monomials w”. Given a polyhe-
dron P(f) € R? and a vector 7 = (71,...,74) of non-negative integers, let the 7-distance
I+ be the smallest t > 0 such that ¢(my +1,...,74+ 1) € P(f) and let the multiplicity 6,
be the codimension of the face at this intersection.

Theorem 9. RLCTy(f;w™) = (1/17,07) if (M, W, pr) desingularizes f at 0.

Proof. We follow roughly the proof in [2, §8] of Theorem 8. Let o be a maximal cone
of F. Because F refines F(f), o is a subset of some maximal cone o’ of F(f). Let o € R?
be the vertex of P(f) dual to ¢’. Let v be the matrix whose rows are minimal generators
of o and p the monomial map p — p¥. Under this map, the term c,w® in f becomes the
leading monomial, so f(p(u)) = g(n)u’® for some non-vanishing function g. Then,

f@)Flwdw = [f(p)|Zlp()[7 10" (1)] dpe
= (detv)|g(u)| | u| 70|t T e

Thus, for the cone o,

(Ao, 0,) = (min S, #min §), S = {w 1<i< d}
(/e
where 7+ 1 = (1 + 1,...,74 + 1). We now give an interpretation for the elements

of S. Fixing i, let P be the affine hyperplane normal to v; passing through «. Then,
(vi - @) /(v; - (T + 1)) is the distance of P from the origin along the ray {t(7 + 1) : t > 0}.
Since RLCTy(f;w™) = min, (A, 6,), the result follows.

Remark 6. After finishing this paper, the author discovered that a similar result was
proved by Vasil’ev [25] for complex analytic functions. ]

Monomial ideals play in special role in the theory of real log canonical thresholds of
ideals. The proof of this next result is due to Piotr Zwiernik.

Proposition 12. Monomial ideals are sos-nondegenerate.

Proof. Let f = f2 + .-+ f? where f1,..., f» are monomials generating I. For each
face v of P(I), fy is also a sum of squares of monomials, so f, does not have any zeros in
(R*)? and the result now follows from Proposition 11(3).

Our tools now allow us to prove Theorem 3. As a special case, we have a formula
for the RLCT of a monomial ideal with respect to a monomial amplitude function. The
analogous formula for complex log canonical thresholds of monomial ideals was discovered
and proved by Howald [16].

Proof of Theorem 3. If the ideal I is sos-nondegenerate, then the equality follows from
Proposition 11, Theorem 7 and Theorem 9. For all other ideals, the inequality is the result
of Proposition 9 and Proposition 12.
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Remark 7. Define the principal part fp of f to be Y, caw® where the sum is over all o
lying in some compact face v of P(f). The above theorems imply that if f is nondegenerate,
then RLCTy f = RLCTy fp. However, the latter is not true in gemeral. For instance, if
f=(x+y)?+yt then fp = (x +y)? but RLCTq f = (3/4,1) and RLCTq fp = (1/2,1).

Our first corollary shows that the BIC is a special case of Theorem 1.

Corollary 4. If f € Ag(R%) has a local minimum at the origin with f(0) = 0 and its
Hessian (0° f /Ow;Ow;) is full rank, then RLCTq f = (d/2,1).

Proof. Because its Hessian is full rank, there is a linear change of variables such that
f=wl+ 4+ w2+ O(w?). Thus, f is nondegenerate and the Newton polyhedron P(f)
has distance | = 2/d with § = 1.

Corollary 5. Let I be the ideal (fi1,..., fs), and suppose the Jacobian matriz (O f;/Ow;)
has rank r at 0. Then, RLCToI < (3(r +d),1).

Proof. Because the rank of (0f;/0w;) is 7, there is a linear change of variables such
that the only linear monomials appearing in I are wy,...,w,. It follows that P(I) lies
in the halfspace aq + -+ + a, + %(arﬂ + -+ ag) > 1 and its distance is at least
1/(r+ d—gr) =2/(r+d).

5. Applications to Statistical Models

In this section, we use our tools to compute the learning coefficients of a naive Bayesian
network M with two ternary random variables and two hidden states. It was designed by
Evans, Gilula and Guttman [11] for investigating connections between the recovery time
of 132 schizophrenic patients and the frequency of visits by their relatives. Their data is
summarized in the 3x3 contingency table

2<Y <10 10<Y <20 20<Y Totals

Visited regularly 43 16 3 62
Visited rarely 6 11 10 27
Visited never 9 18 16 43

Totals 58 45 29 132

which we store as a 3x3 matrix ¢ of relative frequencies. The model is given by

p: Q:A1XA2XA2XA2XA2 — Ag
w = (t,a1,a2,b1,bz,c1,c2,dy,d2)  —  (pij)
Pij = taibj + (1 — t)Cidj, 1,] € {0, 1, 2}

where ag = 1—ay1 —ag, a = (ag,a1,a2) € Ay and similarly for b, ¢ and d. Hence, a 3x3
matrix in the model is a convex combination of two rank one matrices, so it has rank at
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most two. The marginal likelihood of the data (after discarding a constant multiplicative
factor) is the integral

43 .16 .3 .6 .11.10,9 18 16
1= /Q P00 Po1 Po2 P1o P11 P12 P2o P21 P2 dw

which was computed exactly by Sturmfels, Xu and the author [20].

We now estimate this integral using Watanabe’s asymptotic formula for the log like-
lihood integral in Theorem 1. We assume that the data ¢ was generated by some true
distribution ¢ = (g;;) € R**? in the model. Ideally, we want ¢ to be equal to the matrix ¢
of relative frequencies, but in general, the data ¢ rarely lies in the model. In this example,
the matrix ¢ is not in the model because it is full rank. However, we should be able to
find a distribution ¢ in the model that is close to ¢, because in practice, we want to study
models which describe the data well. A good candidate for ¢ is the maximum likelihood
distribution. Using the EM algorithm, this distribution is

43.00153927 15.99813189 3.000328847
1= 135 5.979732739 11.12298188 9.897285383
9.018728012 17.87888620 16.10238577

which comes from the maximum likelihood estimate

t = 0.5129202328
(a1,az) = (0.09139459898, 0.3457903589),
(b1, by) = (0.1397061214, 0.4386217768),
¢5) = (0.8680689680, 0.05580725171),
) = (0.7549807403, 0.2380125694).

(01, 2
(dy,d>

Note that the ML distribution ¢ is indeed very close to the data §.

Our next theorem summarizes how the asymptotics of log Z(IN) depend on ¢. Let
S; denote the set of rank i matrices in p(Q2), and S} C S; be the matrices with positive
entries. Before we prove this theorem, let us apply it to our statistical problem. Using the
exact value of Z computed by Lin—-Sturmfels—Xu [20], we get

(10T Jexact = —273.1911759.

Meanwhile, if the BIC was erroneously applied with the dimension d = 9 of the parameter
space, we would have

( IOgI)BIC = —280.7992160.

On the other hand, by calculating the real log canonical threshold of the polynomial ideal
(p(w) — q), we find that the learning coefficient of the model at the ML distribution ¢ is
(\,0) = (7/2,1). This gives us the approximation

(logT)rLer ~ —275.9164140
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which is closer than the BIC to the exact value of log 7.

Our proposal to use the ML distribution as the true distribution ¢ is admittedly sim-
plistic, given that noise in the data will almost surely bring us to some ¢ € S5. Nonetheless,
our next theorem proves that the learning coefficient is always smaller than the (9/2,1)
prescribed by the BIC. For deeper statistical discussions, the reader should turn to Dr-
ton and Plummer [8] where they addressed the paradox of circular reasoning in requiring
true parameter values for the asymptotic approximation of Bayesian integrals. They also
proposed a novel algorithm where the marginal likelihood is estimated as a weighted aver-
age of the contributions from all true distributions. We hope that mathematical analyses
such as our next theorem will help inform these kinds of discussions, and provide useful
estimates and bounds for a variety of statistical computations.

Theorem 10. The learning coefficient (A, 0) of the model at g > 0 is given by

_J (5/2,1) ifqe ST,
“’9)—{(7/2,1) z’fgesé*.

Therefore, asymptotically as N — oo,

log Z(N) = N> dgijloggi; — Mog N + (6 — 1)loglog N + nx
,J

where § is the matriz of relative frequencies of the data and ny is a random variable whose
expectation E[ny] converges to a constant.

We postpone the proof of this theorem to the end of the section. Let us begin with
a few remarks about our approach to this problem. Firstly, Theorem 2 states that the
learning coefficient (A, ) of the statistical model is given by

(2X,0) = min RLCTq_. (p(w) — q)
w*ey
where V is the fiber p~1(q) = {w € Q : p(w) = ¢} over ¢. Instead of focusing on a fixed ¢
and its fiber V), let us vary the parameter w* over all of ). For each w* € (), we translate
Q) so that w* is the origin and compute the RLCT of the ideal (p(w + w*) — p(w*)). This
is the content of Proposition 13. The proof of Theorem 10 will then consist of minimizing
these RLCTs over the fiber V for each ¢ in the model.

Secondly, in our computations, we will often be choosing different generators for our
ideal and making appropriate changes of variables. Generators with few terms and small
total degree are often highly desired. Another useful trick is to multiply or divide the
generators by functions f(w) satisfying f(0) # 0. Such functions are units in the ring Ag
of real analytic functions so this multiplication or division will not change the ideal.

We will perform many of the computations by hand to demonstrate how the various
properties from Section 3 can be applied. At points in the proof where RLCTs of monomial
ideals are required, the Singular library from Section 1 comes in useful. We hope that
some day the computation of learning coefficients for statistical models will be automated.
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Thirdly, for the full proof of Proposition 13, we will have to analyze interactions be-
tween the model singularities and the boundary of the parameter space. Some of these
interactions are messy. To improve the readability of the paper, we moved the detailed
proof to the appendix while retaining some interesting computations in this section.

Finally, we come to our main proposition. Let us define the following subsets of €.
These subsets stratify 2 according to the real log canonical threshold in the manner
described in Conjecture 5.

Qy
Qn
Qm()
ok
le
Q1o
QmZ
Qm2ad
Qm2bc
Qa1
Q22

Proposition 13.

RLCT, I =

= {w'eQ:t*e{0,1}}

= {w'eQ:t"¢{0,1}}

= {w €y :a*=c" b =d}

= {weQu:#{i:a; =0} =k, #{i:bf =0} =1}
{w* € Qpy : (b* #d*,a* =c*) or (a* # ¢*,b" =d*)}
{w* € Qa2 (a* =c¢*,Fiaf =0) or (b*=d*,3i b =0)}
{w* € Q1 a* # *,0* #d*}

{w* € Qo : Ji,j af =dj =0,c; #0,b; # 0}
{w*Eng:Hi,jb;k:c;:O,d;‘#O,a;;éO}
Qn2ad U Qmaobe

QmZad N Qm2bc-

Given w* € Q, let I be the ideal (p(w + w*) — p(w*)). Then,

(

if w* € Qy,

if w* € Qmooos

if w* € Qmo1o U Lmoot U imo20 U Qimooz,
if w* € Qmo11,

if w* € Qmo12 U Qno21,
if w* € Qmo2e,

if w* € Q1 \ Qmto,

Zf wr e Qm10>

if w* € Qo \ Qar,

if w* € Qa1 \ Qin2a,
’if w* e QmQQ.

NN oo o

N o

\.OO “OO
N T i SOy SO SO NG IS NS

O N N N N N

NN N N N N N N N N N

©

Proof Idea. We give a shortened analysis that ignores the effect of the boundary of 2
on the RLCTs. The derived RLCTs will be smaller than the actual ones by Proposition 4.
A full proof involving boundary effects is given in the appendix.

Our ideal I is generated by g;; = fij(w + w*) — fij(w*) where

fij = ta;b; + (1 — t)cidj, i,5 € {0,1,2}

and ap = bg = ¢g = dyp = 1. One can check that I is also generated by gi0, g20, 901, 902,
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and g;; — (d;j + dj)gio — (a; + a;)goj, i, j € {1,2} which expand to give

01 t* — t) + al(t(’; + t) + tuik
co(t] —t) +ao(ti+t) + tud
di(t5 —t) + by (t§ + t) + to}
dz(t* — t) + bg(ts + t) + tvs
ardy — (IltS’UT + dltfuik
aidy — a1t61)§ + dgtTUT
asdy — (IgtS’UT + dﬂf{u;
asdy — agtg’l); + dgtfuz

where t = t*,t] = 1 —t*,uf = af — ¢},v] = b —d}. Note that > (a; +a;) = 1 and

Yaf=1s0) a; =0 and simllarly for b, c,d. Also, Y uf =3 af —¢f = 0. The same is
true for v*. We now do a case-by-case analysis.

Case 1: w* € Q,,. This implies ¢; # 0 and ¢] # 0. Since the indeterminates b1, b2, c1, c2
appear only in the first four polynomials, this suggests the change of variables

¢ = (¢ —tuf —ai(th+1)/(tF —1), i=1,2
bi = (b —tof — di(t5 =) /(t5 + 1), i=1,2

with new indeterminates t, a, az, b, b5, ¢}, ¢4, di, d2. In view of Proposition 8, the Jacobian
determinant of this substitution is a constant, while the pullback ideal can be written as
I, + I where I} = (b, b, ¢}, ch) and I is generated by

ard; — alt(’;vf + dltTUT,

(Ildg — a1t§v§ + dgf{u){,

asd] — agt(’gvf + dlff’u,;,

asdy — agtav§ + dgf{’u;.
The indeterminates in I; and I are disjoint, so we may apply Proposition 7. The RLCT
of I is (4,1). Now, we focus on computing the RLCT of I5.

Case 1.1: w* € Q1. This implies u* # 0,v* = 0 or u* = 0,v* # 0. Since uj+uj+u3 = 0,
we assume without loss of generality that v* = 0,u] # 0,u5 # 0 and substitute

di = (d} + artyvy)/(tju; + a1), i=1,2.

The resulting pullback of Iy is (d}, d}). If w* lies in the interior of §2, we use either Newton
polyhedra or Proposition 7 to show that the RLCT of this monomial ideal is (2,1). If w*
lies on the boundary of €2, the situation is more complicated and we analyze it in greater
detail in the appendix.

Case 1.2: w* € Q0. Thisimplies u* # 0,v* # 0. Without loss of generality, suppose that
uj # 0. If w* € Qp01, we further assume that a] = d; = 0,uj #+ 0,v; # 0. Substituting

d, = (d;—kaltav;‘)/(al—l—t{u’{), 1=1,2
az = (ay +aru3)/uj,
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the pullback ideal is (a}, d},d5) so the RLCT at an interior point is (3,1).

Case 1.3: w* € €;,0. This implies u; = v = 0 for all <. The pullback ideal is
(a1, a2)(d1,d2)

whose RLCT over an interior point of  is (2,2) by Proposition 7.

Case 2: w* € ,. Without loss of generality, assume t* = 0 and substitute
c = (C; —t(ai —|—U;k))/(l —t) 1=1,2
d;, = (d; — t(b; —I—Uf))/(l —t) 1=1,2.
The pullback ideal is the sum of (¢, ¢}, d}, d}) and
(t)(ay + ui, az + us){by + vi, by + v3).

The RLCT of the first summand is (4,1). The RLCT of (¢) is (1,1) while that of (a1 +
uf, ag +u3) and (b1 + v}, ba +v3) are at least (2, 1) each. By Proposition 7, the RLCT of
their product is (1,1) and that of the pullback ideal is (5, 1).

Proof of Theorem 10. Given a matrix ¢ = (¢;j), the learning coefficient (A, #) of the
model at ¢ is the minimum of RLCTSs at points w* € Q where p(w*) = ¢q. The theorem
then follows from Proposition 13, Theorem 1 and the claims

P(Q) = S1, p(Qmo) C S1, (1) C St pP(Qm21) € 55.

These four claims are easy to check from the definitions of the subsets of €.
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Appendices

In this section, we give a full proof of Proposition 13 that considers the effect of the
boundary of the parameter space {2 on the RLCTs. The next lemma comes in handy in
dealing with boundary issues. It helps us in computing the RLCTs of monomial ideals at
boundary points where the parameter space contains a nice neighborhood 21 x 5. Here,
1 is an orthant in the coordinates involved in the monomials of I, while {29 is a small
cone in the remaining coordinates.
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Lemma 3. Let Q C {(x1,...,24) € R} be semianalytic. Let I be a monomial ideal and
a monomial function in x1, ..., x,. If there exists a vector & € R4 such that Q1 xQy C Q
for sufficiently small e,

Q1 ={(z1,...,2,) €[0,¢]"}
QQ = {(:1:7"+17 7:1:d) = (5 + g) fOT te [075]75/ € [_Eag]d_r}a
then RLCTq, (I;p) = RLCTo(I; ).

Proof. Because I and |p| remain unchanged by the flipping of signs of z1, ..., z,, their
threshold does not depend on the choice of orthant, so RLCTq, (I;¢) = RLCTy(I;¢).
The lemma now follows from Proposition 7 and the fact that the threshold of the zero
ideal over the cone neighborhood 3 is (00, —).

Detailed Proof of Proposition 13. Recall that the ideal I is generated by

c1(ty —t) + ar (t§ +t) + tu]
CQ( *— t) +a2(t8 +t) +tu§
dl(t* - ) + bl(tz; —|—t) 4-751}1<

da(t] —t) + ba(t§ +t) + tvs

ardy — (IltO’Ul + dltlul
aidy — altf';v; + th’{u?[
asdy — CLQtS’Uik + dlt’{ug
asdy — agtS’US + th“{u’z‘

We do a case-by-case analysis of the structure of I and the boundary of €.

Case 1: w* € Q,,. This implies ¢; # 0 and ¢] # 0. Since the indeterminates b1, ba, c1, c2
appear only in the first four polynomials, this suggests the change of variables

i = (cf—tuy —ai(ty+1)/(tF —t), i=1,2
by = (b —tv; —di(t] —t))/(t5+1), i=1,2

with new indeterminates t, aj, ag, b}, b, ¢}, ¢, d1, d2. In view of Proposition 8, the Jacobian
determinant of this substitution is a constant.

Case 1.1: w* € Q1. This implies u* # 0,v* = 0 or u* = 0,v* # 0. Without loss of
generality, we assume v* = 0,u] > 0 and substitute

di = (d} + a1tjvy)/(tju} + a1), i=1,2.

The resulting pullback ideal is (b}, b}, ¢}, ch,dy, d5). If w* lies in the interior of Q, we use

either Newton polyhedra or Proposition 7 to show that the RLCT of this monomial ideal
s (6,1). If w* lies on the boundary of 2, the situation is more complicated. Since we
are considering a subset of a neighborhood of w*, the corresponding Laplace integral from
Proposition 3a is smaller so the threshold is at least (6,1). To compute it exactly, we need
blowups to separate the coordinate hyperplanes and the boundary hypersurfaces.
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Because —u] = u3 + uj, we cannot have uj = u3 = 0. Suppose u3 # 0 and u3 # 0.
We consider a blowup where one of the charts is given by the monomial map ¢t = s,a; =
sal, ¢} = rs,cy = rscy, b, = rsbl,d. = rsd!. Here, the pullback pair is ({rs);r°s®). Now,
we study the inequalities which are active at w*. For instance, if b] = 0, then w™ lies on the
boundary defined by 0 < by + bj. After the various changes of variables, the inequalities
are as shown below, where b5 = —b{ — b3 and similarly for ¢§,d5 and aj. Note that the
inequality for a] = 0 is omitted because a] = 0 implies u] = —c] < 0. Similar conditions

on the u;,v; hold for the other inequalities.

b =0 0< (b — dU(E; — 8)/(tu] + sa})/(t + )
df =0: 0<rsd!/(tju} + sa))
s =0: 0<s(—uj+d\(t§+s)+r)/(t;—s)

s =0: 0<s(—us+as(ti+s)+rcdy)/(t; —s) uy >0
cE=0: 0<s(—uj+as(t5+s)—r—rdy)/(t;—s) u;>0
ay=0: 0<saj uy <0
at=0: 0<saj uj <0

In applying Lemma 3, the choice of coordinates is important. For instance, if b5 = b5 =
0, we choose coordinates b and b4 and set b] = —bj — by. The same is done for the
d!. The pullback pair is unchanged by these choices. Now, with coordinates (r,s) and
(b}, by, d5  d, c3,ah, a3), we apply the lemma with the vector § = (2,2,uf,u7,1,1,1), so
the threshold is RLCTy(rs;r°s®) = (6,1).

Now, if only one of u3,u3 is zero, suppose uy = 0,u3 # 0 without loss of generality.
If a5 = ¢5 # 0, then the arguments of the previous paragraph show that the RLCT is
again (6,1). If a3 = ¢4 = 0, we blow up the origin in R” and consider the chart where
ag = s,¢; = sc, b, = sb!!,d, = sd!!. The pullback pair is ({sb/, sby, sc], scj, sd}, sdy); s%).
The active inequalities for a3 = ¢5 = 0 are

cd=0: 0<s(cy—t5+1t)/(t5—1)
ay=0: 0<s.

Near the origin in (s, b}, by, ¢}, cy,d},d3) € R7, these inequalities imply s = 0 so the new
region M defined by the active inequalities is not full at the origin. Thus, we can ignore
the origin in computing the RLCT. All other points on the exceptional divisor of this
blowup lie on some other chart of the blowup where the pullback pair is (s;s%), so the
RLCT is at least (7,1). In the chart where co = s,¢1 = scff,aa = sal, b, = sb/, d, = sd!,
we have the active inequalities below. Note that c3 # 0 because uj = —uj < 0.

=00 0 (b — (e — 0)/(t5uf — (s + as)) /(85 + 1)
00 0= s/ (tu — (sa +a))

=00 0= (scf —tuf + (sad + as)(th +1)/(8 — )
=00 0= s(1—aj(ts+ )/t 1)

aby=0: 0<sd)

az=0: 0<a3

L
2
Il
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Again, choosing suitable coordinates in the b and d, we find that the RLCT is (7,1) by
using Lemma 3 with { = (2,2, u],uj, 1,1,1, —1) in coordinates (b} , b7, d; , d , ay, a3, cf,t).
Case 1.2: w* € Q0. Thisimplies u* # 0,v* # 0. Without loss of generality, suppose that
uj # 0. If w* € Qyp21, we further assume that af = dj = 0,uj # 0,v] # 0. Substituting

di = (d+ait{v}) /(a1 + tjuy), i=1,2

az = (ay+ aru3)/ui,
the pullback ideal is (ah, b}, b5, ¢}, ch, dy,dy) so the RLCT is at least (7,1). Note that
a; = (ahw! +ajuf)/uj for i = 1,2,3 where w} = 0, 1, —1 respectively. If w* is not in 2,21,
we consider the blowup chart af = 5,0, = sb}, ¢, = sc,d; = sd}. The active inequalities
are as follows. The symbol v— denotes v; < 0.

bf=0: 0< [sb —tvf — (sd + artyv))(t; —t)/(tjuf +a1)]/(t5+1) v—
¢ =0: 0< [sef —tuf — (sw] + aruf) (85 + 1) /uil /(1] — 1) ut
af=0: 0< (sw+ayuf)/u} v
dr=0: 0< (sd +artiv))/ (il + ay) vt

The crux to understanding the inequalities is this: if a] = d; = 0,u; # 0, vj =% 0, the
coefficient of a; appears with different signs in the inequalities for af = 0 and d; = 0.
This makes it difficult to choose a suitable vector ¢ for Lemma 3. Similarly, if b = c;f =
0,v] # 0,uj # 0, the coefficient of ujt + {ja1 appears with different signs. Fortunately,
since w* ¢ Q,,,21, we do not have such obstructions and it is an easy exercise to find the
vector . Thus, the RLCT is (7,1).

If w* € Qa1 \ Loz, we blow up a; = s,ab = sal,b, = sb,¢; = s, d; = sdl.
The active inequalities for a7 = d; = 0 imply that the new region M is not full at
the origin of this chart. Thus, we shift our focus to the other charts of the blowup
where the pullback pair is (s;s7), so the RLCT is at least (8,1). In the chart where
ah = s,a1 = saly, b, = sbl,c; = sc/,d; = sd, we do not have obstructions coming from
any by = ¢j = 0,v; # 0,uj # 0 so it is again easy to find the vector £ for Lemma 3. The
threshold is exactly (8,1).

If w* € Q,n22, consider the following two charts in the blowup of the origin in R?.

Chart 1: ay = s,t = st',al = saf, b, = sbl,¢; = sc/, d; = sd
Chart 2: t = s,a1 = sal,aly = sal, b, = sbl!,c; = sc,d; = sd
The inequalities for af = d; = 0,u; # 0,0 # 0 and b} = ¢} = 0,v] # 0,u] # 0 imply that
the new region M is not full at points outside of the other seven charts, so we may ignore
these two charts in computing the RLCT. Indeed, for Chart 1, the active inequalities
af =0: 0<s(ajw; +u})/u} u—
df=0: 0<s(d+t5v)/(tiuf +s) v+
tell us that af or dj must be non-zero for M to be full. In Chart 2, suppose M is full at
some point z where af = b = by = = ¢§ = d] = dj = 0. Then,
af =0: 0<s(aqw; + ajuf)/ui u—
df =0: 0<s(d!+ajtivr)/(tju] + say) v+
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imply that o} = 0 at 2. However, if this is the case, the inequalities

bf=0: 0<s[b! —of —(d] +ajtyv))(t; —s)/(tju] + sa))]/(th+s) v—
¢ =0 0= sl — u — (ajuf +ahul)(t + 5)/ul/ (1 - 5) wt

forces b} or ¢/ to be non-zero for some ¢, a contradiction. Thus, we shift our focus to the
other seven charts where the pullback pair is (s;s%) and the RLCT is at least (9,1). In
the chart for af = s,a1 = sal,t = st',b, = sb, ¢, = sc,d; = sd, note that we cannot
have both a3 = 0 and a3 = 0 because we assumed a} = 0. It is now easy to find the vector

¢ for Lemma 3, so the threshold is (9, 1).

Case 1.3: w* € Q0. This implies u] = v; = 0 for all . The pullback ideal is

< /17 /276/1762> + <a17a2><d17d2>

whose RLCT over an interior point of € is (6,2) by Proposition 7. This occurs in ;000
where none of the inequalities are active. Now, suppose the only active inequalities come
from a} = ¢ = 0. We blow up the origin in {(aj,c}) € R?}. In the chart given by a; =
ay, ¢y = a)cf, the new region M is not full at the origin, so we only need to study the chart
where ¢} = ¢/, a1 = ¢/a). The pullback pair becomes ((cf) + (b}, b, ch) + (a2)(d1, d2); c}),
and a simple application of Lemma 3 and Proposition 7 shows that the threshold is (6, 1).

In this fashion, we study the different scenarios and summarize the pullback pairs and
thresholds in the table below.

Inequalities Pullback pair RLCT
- (<b,17b,27cllﬂcl2> + <a1’a2><d17d2>; 1) ( )
a; =0 (b, b3, ¢ 1’C2>+( 2)(di,d2); ) (6,1)
ay = 0,07 = (<b’1’, by, ¢, ¢5) + (az)(da); bicy) (7,2)
CLT = (< 2)61762>? 6/1/6/2/) (671)
a; =167 =0 (<b/1/7b/2’01’02>7 b,/clllcg) (77 1)
CLT = 17b>{ 1 (<b,1/7bl2lvclvc2>a b”bg ,1/ ,2/) (871)

For example, the case a3 = c¢3 = 1 corresponds to a] = a3 = c¢] = ¢ = 0. Here, we blow
up the origins in {(a1,c}) € R?} and {(a2,c)) € R?}. As before, we can ignore the other
charts and just consider the one where a1 = {a), | = ¢/, a2 = aly, ¢, = ¢§. The pullback
pair is ((c]) + () + (b}, b5), ¢ cy). If bF # O for all i, the RLCT is (6,1) by Lemma 3 and
Proposition 7.

Case 2: w* € . Without loss of generality, assume t* = 0 and substitute

¢ =(c,—tlai+ul))/(1—-t) i=
di = (dj —t(b; +v]))/(1—1t) i

The pullback ideal is the sum of (¢}, ¢y, d|,d,) and (t){a1 + u}, as + u3)(by + vi, ba + v3).

Since ¢ = —c} — ¢, and similarly for the d}, a;, b;, v} and v, it is useful to write this ideal
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more symmetrically as the sum of (¢}, ch,cs), (d},d5, ds) and
(t)(a1 + ui, ag + uj, a3 + uz) (b + vi, bo + v3, bz + v3).

Meanwhile, the inequalities are

a;j =0: 0<aqy
cf=0: 0< (¢ —tlai+u))/1—1t) uf>0
b;f:(): 0<b;
di=0: 0<(dj—tbj+v7))/(1—1t) vj>0.

We now relabel the indices of the a; and ¢}, without changing the b; and d;-, so that the
active inequalities are among those from a] = 0,a3 = 0,¢;, = 0,¢;, = 0. The b; and d;» are
thereafter also relabeled so that the inequalities come from b7 = 0,05 = 0,d; = 0,d;, = 0.

We claim that the new region M contains, for small ¢, the orthant neighborhood
{(ah az, b17 b?a Ciqs Cigvdj1 ) djg? _t) € [07 6}9}‘
Indeed, the only problematic inequalities are

c5=0: 0<(cf—t(—ar —az+u)))/(1—1)
d5=0: 0<(dy—t(=b1—ba+v}))/(1-1t) v

0
0.

N
W% ¥

However, these inequalities cannot occur because for instance, uj = 0 and ¢§ = 0 implies
a3 = 0, a contradiction since the a; were relabeled to avoid this. Finally, the threshold of
(t) is (1,1) while that of (a; + u},as + ud) and (by + v}, b2 + v3) are at least (2,1) each.
By Proposition 7, the RLCT of their product is (1,1) and that of the pullback ideal we
were originally interested in is (5,1).



