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ABSTRACT  

A radio harmonic mean labeling of a connected graph G is a one to one map f from the vertex set 

V(G) to the set of natural numbers N such that for any two distinct vertices u and v of  G satisfies 

the condition 2 ( ) ( )
( , ) 1 ( )

( ) ( )

f u f v
d u v diam G

f u f v

 
+  + 

+ 

.The radio harmonic mean number of f, )( frhmn  is the 

maximum number assigned to any vertex of G. The radio harmonic mean number of G, )(Grhmn  is 

the minimum value of )( frhmn  taken over all radio harmonic mean labeling f of G. In this paper we 

have determined the radio harmonic mean number of special classes of bistar graphs. 

 

Keywords: Radio harmonic mean labeling, Radio harmonic mean graph, Line graph of bistar, 

Square graph of bistar, Middle graph of bistar 

 

 

1. Introduction 

The channel assignment problems were introduced in 1980 by Hale [9]. The goal is to assign radio 

channels in a way so as to avoid interference between radio transmitters. Motivated by this 

Chartrand defined the concept of radio labeling of graphs in 2001[4]. Radio labeling, labels the 

vertices of a graph with non negative integers such that for any two vertices, the smaller the 

distance between the vertices, the greater the required difference in label. Radio labeling of graphs 

is applied in channel assignment problem, Sensor networks, TV and wireless networks etc... 

S.Ponraj et al. [12, 13] defined the concept of radio mean labeling of graphs. Motivated by the 

notion radio mean labeling we have introduced the radio harmonic mean labeling [2,3].In this 

paper, we have investigated the radio harmonic mean labeling of special classes of bistar graphs  

and determined the radio harmonic mean number of those graphs. 

In this paper, Radio Harmonic Mean Labeling and Radio Harmonic Mean Number are referred as 

RHML and RHMN for briefness. 

  



JOURNAL OF ALGEBRAIC STATISTICS 

Volume 13, No. 2, 2022, p. 313-321 

https://publishoa.com 

ISSN: 1309-3452 

 

314 
 

2. Preliminaries 

Definition 2.1     

A radio harmonic mean labeling of a connected graph G is one to one map from the vertex set V(G) 

of G to N such that for two distinct vertices u and v of G satisfies the condition 

)(1
)()(

)()(2
),( Gdiam

vfuf

vfuf
vud +









+
+ .A graph which admits radio harmonic mean labeling is called 

radio harmonic mean graph.  

Definition 2.2  

Radio Harmonic mean number of graph G is denoted by )(Grhmn . It is defined as the lowest span 

taken over all radio labeling of graph G. 

Definition 2.3 

 

The span of a labeling f  is the maximum integer that f  maps to a vertex of graph G. The radio 

harmonic mean number of G, ( )rhmn G  is the lowest span taken over all radio harmonic mean 

labeling of the graph G. 

Definition 2.4 

The Line graph of a graph G, denoted by L(G), is a graph whose vertices are the edges of G, and if 

, ( )u v E G  then , ( ( ))u v E L G  if u and v share a vertex in G. 

Definition 2.5 

For a simple connected graph G, the square of graph G is denoted by G2 and defined as the graph 

with the same vertex set as of G and two vertices are adjacent in G2 if they are at a distance 1 or 2 

apart in G. 

3. Main Results 

 

Theorem 3.1 

The radio harmonic mean number of line graph of bistar ,[ ]n nL B  is 2 1n+  for 3n  . 

Proof: 

Let  '

,[ ( )] , , : 1n n i iV L B u u u i n=    and 

              ' ' '

,[ ( )] , : 1 , :1 1, 1n n i i i j i jE L B uu uu i n u u u u i n i j n=     − +    

The diameter of L[Bn,n] is 2 for n ≥ 3.. 

Define the vertex labels as follows 

( ) 1f u =  

For , 

 
( ) 1if u i= +  

'( ) 1if u n i= + +  

1 i n 
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Now, check the radio harmonic mean condition. 

In order to verify the definition  of radio harmonic mean labeling 

 

2 ( ) ( )
( , ) 3

( ) ( )

f u f v
d u v

f u f v

 
+  

+ 
 

for every pair of vertices of L[Bn,n]. 

Case (i): Verify the pair ( , ) for 1 , ( , ) 1i iu u i n d u u  =  

    

2 ( ) ( ) 2(1)( 1) 2(1)(2)
( , ) 1 1 3

( ) ( ) 2 3

i

i

i

f u f u i
d u u

f u f u i

  +   
+ = +  +      + +    

 

Case (ii): Verify the pair ( , ) for 1 , , , ( , ) 1i j i ju u i j n j i d u u   =  

                

2 ( ) ( ) 2( 1)( 1) 2(2)(3)
( , ) 1 1 4

( ) ( ) 2 5

i j

i j

i j

f u f u i j
d u u

f u f u i j

   + +  
+ = +  +      + + +      

 

Case (iii): Verify the pair 
' '( , ) for 1 , ( , ) 1i iu u i n d u u  =  

                   

'

'

'

2 ( ) ( ) 2(1)( 1 ) 2(1)(5)
( , ) 1 1 3

2 6( ) ( )

i

i

i

f u f u n i
d u u

n if u f u

  + +   
+ = +  +      + ++           

Case (iv): Verify the pair 
' '( , ) for 1 , , ( , ) 2i j i ju u i j n d u u  =

 

                      
'

'

'

2 ( ) ( ) 2( 1)( 1 ) 2(2)(5)
( , ) 2 2 5

2 7( ) ( )

i j

i j

i j

f u f u i n j
d u u

n i jf u f u

   + + +  
+ = +  +      + + ++                 

 

Case (v): Verify the pair 
' ' ' '( , ) for 1 , , , ( , ) 1i j i ju u i j n j i d u u   =  

               

' '

' '

' '

2 ( ) ( ) 2( 1 )( 1 ) 2(5)(6)
( , ) 1 1 7

2 2 11( ) ( )

i j

i j

i j

f u f u n i n j
d u u

n i jf u f u

   + + + +  
+ = +  +      + + ++     

 

In all the above cases, f satisfies the radio harmonic mean condition (1). 

Thus, f is a radio harmonic mean labeling and  ,[ ]n nL B  is a radio harmonic mean graph. 

Hence, the radio harmonic mean number of L[Bn,n] is 2n+2 for n ≥ 3. 

 

Theorem 3.2 

 The radio harmonic mean number of Square graph of bistar 
2

,n nB  is 2 2n+  for . 

Proof: 

Let  2 ' '

,( ) , , , : 1n n i iV B u u u u i n=    and 

            2 ' ' ' ' '

,( ) , , , , : 1n n i i i iE B uu uu uu u u u u i n=    

2n 
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The diameter of 
2

,n nB is 2 for . 

The vertex labels are defined by 

'

( ) 1

( ) 2

f u

f u n

=

= +
 

For , 

 
( ) 1if u i= +  

 
'( ) 2if u n i= + +  

 Check the radio harmonic mean condition (1).             

            
2 ( ) ( )

( , ) 3
( ) ( )

f u f v
d u v

f u f v

 
+  

+     

 
for every pair of vertices of 

2

,n nB  . 

Case (i): Verify the pair ( , ) for 1 , ( , ) 1i iu u i n d u u  =  

    

2 ( ) ( ) 2(1)( 1) 2(1)(2)
( , ) 1 1 3

( ) ( ) 2 3

i

i

i

f u f u i
d u u

f u f u i

  +   
+ = +  +      + +    

 

Case (ii): Verify the pair ( , ) for 1 , , , ( , ) 2i j i ju u i j n j i d u u   =  

              

2 ( ) ( ) 2( 1)( 1) 2(2)(3)
( , ) 2 2 5

( ) ( ) 2 5

i j

i j

i j

f u f u i j
d u u

f u f u i j

   + +  
+ = +  +      + + +      

 

Case (iii): Verify the pair 
' '( , ), ( , ) 1u u d u u =  

                 

'
'

'

2 ( ) ( ) 2(1)( 2) 2(1)(4)
( , ) 1 1 3

3 5( ) ( )

f u f u n
d u u

nf u f u

  +   
+ = +  +      ++     

 

Case (iv): Verify the pair 
' '( , ) for 1 , ( , ) 1i iu u i n d u u  =  

                       

'

'

'

2 ( ) ( ) 2(1)( 2 ) 2(1)(5)
( , ) 1 1 3

3 6( ) ( )

i

i

i

f u f u n i
d u u

n if u f u

  + +   
+ = +  +      + ++                

 

Case (v): Verify the pair 
' ' ' '( , ) for 1 , ( , ) 1i iu u i n d u u  =

 

               

' '

' '

' '

2 ( ) ( ) 2( 2)( 2 ) 2(4)(5)
( , ) 1 1 6

2 4 9( ) ( )

i

i

i

f u f u n n i
d u u

n if u f u

  + + +   
+ = +  +      + ++     

 

Case (vi): Verify the pair 
' '( , ) for 1 , ( , ) 1i iu u i n d u u  =  

2n 

1 i n 
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'

'

'

2 ( ) ( ) 2( 2)( 1) 2(4)(2)
( , ) 1 1 4

3 6( ) ( )

i

i

i

f u f u n i
d u u

n if u f u

  + +   
+ = +  +      + ++                     

 

Case (vii): Verify the pair 
' '( , ) for 1 , , ( , ) 2i j i ju u i j n d u u  =

 

                       

'

'

'

2 ( ) ( ) 2( 1)( 2 ) 2(2)(5)
( , ) 2 2 5

3 7( ) ( )

i j

i j

i j

f u f u i n j
d u u

n i jf u f u

   + + +  
+ = +  +      + + ++                       

 

Case (viii): Verify the pair 
' ' ' '( , ) for 1 , , , ( , ) 2i j i ju u i j n j i d u u   =  

                

' '

' '

' '

2 ( ) ( ) 2( 2 )( 2 ) 2(5)(6)
( , ) 2 2 8

2 4 11( ) ( )

i j

i j

i j

f u f u n i n j
d u u

n i jf u f u

   + + + +  
+ = +  +      + + ++     

 

In all the above cases, f satisfies the radio harmonic mean condition (1). 

Thus, f is a radio harmonic mean labeling and
2

,n nB  is radio harmonic mean graph. 

Hence, the radio harmonic mean number of 
2

,n nB  is 2n+2 for n ≥ 2. 

Theorem 3.2 

 The radio harmonic mean number of Middle graph of bistar M(Bn,n) 4 4n+  for 2n  . 

Proof: 

Let  ' '

,[ ( )] , , , , , : 1n n i i i iV M B u v w u u v v i n=    and 

            ' '

,[ ( )] , , , , , , , : 1n n i i i i i i i iE M B uw vw uu u u u w wv vv v v i n=    

The diameter of M(Bn,n) is 4 for n≥2. 

Define the vertex labels as follows 

( ) 4 2

( ) 4 4

( ) 4 3

f u n

f v n

f w n

= +

= +

= +

 

For  1 i n  , 

'

'

( ) 3 1

( ) 1

( ) 2 1

( ) 1

i

i

i

i

f u n i

f u i

f v n i

f v n i

= + +

= +

= + +

= + +

 

Check the radio harmonic mean condition (1). 

In order to verify the definition of radio harmonic mean labeling 

             
2 ( ) ( )

( , ) 5
( ) ( )

f u f v
d u v

f u f v

 
+  

+ 
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for every pair of vertices of M(Bn,n). 

Case (1): Verify the pair ( , ) for 1 , ( , ) 1i iu u i n d u u  =  

     

2 ( ) ( ) 2(4 2)(3 1 ) 2(10)(8)
( , ) 1 1 10

( ) ( ) 7 3 18

i

i

i

f u f u n n i
d u u

f u f u n i

  + + +   
+ = +  +      + + +    

 

Case (2): Verify the pair 
' '( , ) for 1 , ( , ) 2i iu u i n d u u  =  

               

'

'

'

2 ( ) ( ) 2(4 2)( 1) 2(10)(2)
( , ) 2 2 6

4 3 12( ) ( )

i

i

i

f u f u n i
d u u

n if u f u

  + +   
+ = +  +      + ++     

 

Case (3): Verify the pair ( , ) , ( , ) 1u w d u w =  

  

2 ( ) ( ) 2(4 2)(4 3) 2(10)(11)
( , ) 1 1 12

( ) ( ) 8 5 21

f u f w n n
d u w

f u f w n

  + +   
+ = +  +      + +    

 

Case (4): Verify the pair ( , ) , ( , ) 2u v d u v =  

               
2 ( ) ( ) 2(4 2)(4 4) 2(10)(12)

( , ) 2 2 13
( ) ( ) 8 6 22

f u f v n n
d u v

f u f v n

  + +   
+ = +  +      + +    

 

Case (5): Verify the pair ( , ) for 1 , ( , ) 2i iu v i n d u v  =  

   

2 ( ) ( ) 2(4 2)(2 1 ) 2(10)(6)
( , ) 2 2 10

( ) ( ) 6 3 16

i

i

i

f u f v n n i
d u v

f u f v n i

  + + +   
+ = +  +      + + +    

 

Case (6): Check the pair 
' '( , ) for 1 , ( , ) 3i iu v i n d u v  =  

              

'

'

'

2 ( ) ( ) 2(4 2)( 1 ) 2(10)(4)
( , ) 3 3 9

5 3 14( ) ( )

i

i

i

f u f v n n i
d u v

n if u f v

  + + +   
+ = +  +      + ++     

 

Case (7): Verify the pair ( , ) for 1 , ( , ) 1i iw u i n d w u  =  

                

2 ( ) ( ) 2(4 3)(3 1 ) 2(11)(8)
( , ) 1 1 11

( ) ( ) 7 4 19

i

i

i

f w f u n n i
d w u

f w f u n i

  + + +   
+ = +  +      + + +                    

Case (8): Verify the pair 
' '( , ) for 1 , ( , ) 2i iw u i n d w u  =

 

            

'

'

'

2 ( ) ( ) 2(4 3)( 1) 2(11)(2)
( , ) 2 2 6

4 4 13( ) ( )

i

i

i

f w f u n i
d w u

n if w f u

  + +   
+ = +  +      + ++     

 

Case (9): Verify the pair ( , ) for 1 , ( , ) 1v w i n d v w  =  

                
2 ( ) ( ) 2(4 4)(4 3) 2(12)(11)

( , ) 1 1 13
( ) ( ) 8 7 23

f v f w n n
d v w

f v f w n

  + +   
+ = +  +      + +    

 

 

Case (10): Verify the pair ( , ) for 1 , ( , ) 1i iw v i n d w v  =  
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2 ( ) ( ) 2(4 3)(2 1 ) 2(11)(6)
( , ) 1 1 9

( ) ( ) 6 4 17

i

i

i

f w f v n n i
d w v

f w f v n i

  + + +   
+ = +  +      + + +    

 

Case (11): Verify the pair 
' '( , ) for 1 , ( , ) 2i iw v i n d w v  =  

                

'

'

'

2 ( ) ( ) 2(4 3)( 1 ) 2(11)(4)
( , ) 2 2 8

5 4 15( ) ( )

i

i

i

f w f v n n i
d w v

n if w f v

  + + +   
+ = +  +      + ++     

 

Case (12): Verify the pair ( , ) for 1 , ( , ) 1i iv v i n d v v  =  

                     

2 ( ) ( ) 2(4 4)(2 1 ) 2(12)(6)
( , ) 1 1 9

( ) ( ) 6 5 18

i

i

i

f v f v n n i
d v v

f v f v n i

  + + +   
+ = +  +      + + +                  

Case (13): Verify the pair 
' '( , ) for 1 , ( , ) 2i iv v i n d v v  =

 

                

'

'

'

2 ( ) ( ) 2(4 4)( 1 ) 2(12)(4)
( , ) 2 2 8

5 5 16( ) ( )

i

i

i

f v f v n n i
d v v

n if v f v

  + + +   
+ = +  +      + ++     

 

Case (14): Verify the pair ( , ) for 1 , , , ( , ) 2i j i ju u i j n j i d u u   =  

                

2 ( ) ( ) 2(3 1 )(3 1 ) 2(8)(9)
( , ) 2 2 11

( ) ( ) 6 2 17

i j

i j

i j

f u f u n i n j
d u u

f u f u n i j

   + + + +  
+ = +  +      + + + +      

 

Case (15): Verify the pair 
' '( , ) for 1 , , ( , ) 1i j i ju u i j n d u u  =  

                    

'

'

'

2 ( ) ( ) 2(3 1 )( 1) 2(8)(2)
( , ) 1 1 5

3 2 10( ) ( )

i j

i j

i j

f u f u n i j
d u u

n i jf u f u

   + + +  
+ = +  +      + + ++       

Case (16): Verify the pair 
' ' ' '( , ) for 1 , , , ( , ) 4i j i ju u i j n j i d u u   =

 

             

' '

' '

' '

2 ( ) ( ) 2( 1)( 1) 2(2)(3)
( , ) 4 4 7

2 15( ) ( )

i j

i j

i j

f u f u i j
d u u

i jf u f u

   + +  
+ = +  +      + ++     

 

Case (17): Verify the pair ( , ) for 1 , , , ( , ) 2i j i jv v i j n j i d v v   =  

              

2 ( ) ( ) 2(2 1 )(2 1 ) 2(6)(7)
( , ) 2 2 9

( ) ( ) 4 2 13

i j

i j

i j

f v f v n i n j
d v v

f v f v n i j

   + + + +  
+ = +  +      + + + +      

 

Case (18): Verify the pair 
' ' ' '( , ) for 1 , , , ( , ) 4i j i jv v i j n j i d v v   =  

                 

' '

' '

' '

2 ( ) ( ) 2( 1 )( 1 ) 2(4)(5)
( , ) 4 4 9

2 2 9( ) ( )

i j

i j

i j

f v f v n i n j
d v v

n i jf v f v

   + + + +  
+ = +  +      + + ++     

 

Case (19): Verify the pair 
' '( , ) for 1 , , ( , ) 3i j i ju v i j n d u v  =  
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'

'

'

2 ( ) ( ) 2(3 1 )( 1 ) 2(8)(4)
( , ) 3 3 9

4 2 12( ) ( )

i j

i j

i j

f u f v n i n j
d u v

n i jf u f v

   + + + +  
+ = +  +      + + ++     

 

Case (20): Verify the pair ( , ) for 1 , , ( , ) 2i j i ju v i j n d u v  =  

               

2 ( ) ( ) 2(3 1 )(2 1 ) 2(8)(6)
( , ) 2 2 9

( ) ( ) 5 2 14

i j

i j

i j

f u f v n i n j
d u v

f u f v n i j

   + + + +  
+ = +  +      + + + +      

 

Case (21): Verify the pair ( , ) for 1 , ( , ) 2i iv u i n d v u  =  

              

2 ( ) ( ) 2(4 4)(3 1 ) 2(12)(8)
( , ) 2 2 12

( ) ( ) 7 5 20

i

i

i

f v f u n n i
d v u

f v f u n i

  + + +   
+ = +  +      + + +    

 

Case (22): Verify the pair 
' '( , ) for 1 , ( , ) 3i iv u i n d v u  =  

                

'

'

'

2 ( ) ( ) 2(4 4)( 1) 2(12)(2)
( , ) 3 3 7

4 5 14( ) ( )

i

i

i

f v f u n i
d v u

n if v f u

  + +   
+ = +  +      + ++     

 

Case (23): Verify the pair 
' '( , ) for 1 , , ( , ) 1i j i jv v i j n d v v  =  

               

'

'

'

2 ( ) ( ) 2(2 1 )( 1 ) 2(6)(4)
( , ) 1 1 6

3 2 10( ) ( )

i j

i j

i j

f v f v n i n j
d v v

n i jf v f v

   + + + +  
+ = +  +      + + ++     

 

Case (24): Verify the pair 
' '( , ) for 1 , , ( , ) 3i j i ju v i j n d u v  =  

               

'

'

'

2 ( ) ( ) 2( 1)(2 1 ) 2(2)(6)
( , ) 3 3 6

2 2 8( ) ( )

i j

i j

i j

f u f v i n j
d u v

n i jf u f v

   + + +  
+ = +  +      + + ++     

 

Case (25): Verify the pair 
' ' ' '( , ) for 1 , , , ( , ) 4i j i ju v i j n j i d u v   =  

                

' '

' '

' '

2 ( ) ( ) 2( 1)( 1 ) 2(2)(4)
( , ) 4 4 7

2 6( ) ( )

i j

i j

i j

f u f v i n j
d u v

n i jf u f v

   + + +  
+ = +  +      + + ++     

 

 

In all the above cases, f satisfies the radio harmonic mean condition (1). 

Thus, f is a radio harmonic mean labeling and M(Bn,n) is a radio harmonic mean graph. 

 Hence, the radio harmonic mean number of M(Bn,n) is 4n+4 for n≥2. 

 

4.Conclusion 

 

In this paper, the radio harmonic mean number of bistar related graphs was obtained. The radio 

labeling of graphs which would have played a very important role in the communication networks. 
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