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Abstract
In the current work, we introduce a class as new M (6, 5,y, 2) of analytic univalent

tasks specified through derivative of Ruscheweyh operative.

For the tasks belonging to this class, we obtain Coefficient inequalities, closure
theorem, theorem growth and distortion, star likeness radii and convexity, arithmetic
mean, linear combination, and Hadamard product. 2000 Grouping of mathematics
subjects: 30C45.

Keywords and Phrases: derivative of Ruscheweyh, growth and distortion, arithmetic

mean, linear combination, Hadamard product.

INTRODUCTION

Assume R signify the fotm tasks class:

f@)=z+ ) a,zk, (D
,Zzz "

That is univalent and analytic in U = {z: |z| < 1}.

If a function f is offered through (1) and g is specified through
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9@ =2+ ) bk, @
k=2

Is in the R class, at that moment the (fand g) Hadamard product or convolution is

specified through:
(f*g)(z)=z+zakbkzk. z€U 3)
k=2
Assume M denoted the R sub class having form tasks:

f)=z+ ) a,z* a, =0 (4)
kz; k k

A function f € R is said to be "univalent starlike of order ¢ (0 < a < 1) iInU if

zf'(2)
Re{ [10) } >, (5)

Similarly, a function f(z) is univalent of order convex @ (0 <a <1)inU if

zf" (2)
Re {1 + f,(z) } > a, (6)
We aim to study to subclass M(s, ,y, ) having tasks f € M and adequate:
62(D*f (2))"
Blz(DAf (2))" + (DAf (2))'] + (1 — §)(DAf (2))’ <Y (7)

0<6<1,0sp<1, 0<y<1, z€U.
And D*f(z) is specified as following

D*f(z) =z+ ) aiBi(A)z¥,
kzzz kB

Where

A+1DA+2)AA+k—-1
Bk(/l)z( il )(;{_)15!+ ),/1>—1,zeU (8)

This function is named the derivative of Ruscheweyh [5],[6], of f of order 2 denoted
through D*f.
Another studied classes through SERAP BULUT[4], Atshan and Mustafa and
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Mouajeeb [3] and Xiao-FeiLi and An-ping Wang[7].

In [1], [2], for other classes, few of the following characters are deliberated

2. Inequality as Coefficient:

In the theorem as follow, for function to be in the classm (s, 8,v, 1), we get an essential
and adequate condition:

Theorem 1: Assume the function £ be specified through (4) at that time £ €
M(6,B,y,A) if and single if

Zk[5(k—1)+y(,3(k—1)+ﬁ+1—5)]Bk(/1)ak =yB+1-46), 9

k=2
where
0<6<1,0p<1,0<y<1,1>-1.
For the function f, the finding is sharp offered through

~ y(B+1-196) k
O = MG —D +y B - DT f+1-0IBD

Evidence: Expect that the inequality (9) as of true and|z| = 1., At that time from (7) we

k>

2. (10)

obtain

l62(D*F(2))"| = v |8 |2(D*F(@)" + (D*f () | + (1 = O)(D*f(2)) |

8 k(k —1)By(2) ayzk
k=2

—y’ﬁ +(1-6)+ i k[B(k—1)+ B +1—06]By(A) ajzk1

sZk[a(k—n+y(,@(k—1)+/3+1—5)]Bk(/1)ak—y(ﬁ+1—5)so.

k=2
Hence, through maximum modulus principle, f € M(6,5,v, ).
On the contrary, expect thatf € M(8, 8,y,1). At that time from (7), we get
5z(D*f(2))"
Blz(D*f (2))" + (D*f(2))'] + (1 — 8)(D*f (2))'

_ 8§ X k(k — DB (D) a2
- ‘,8 + (1= 8) + XL k[BlUe — 1) + B+ 1 = 51Bi(A) ayz*~?

Since Re(z) < |z| for whole z (z € U), we acquire

; 8 ¥, k(k — 1)B(A) axzk?
) {B FA=0)+ 2p, kB — 1) + B + 1= 81B, (D) akzk‘l} =

<Y.

(11)
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We are able to choose the z value on the actual axis hence (D*f(z))" is actual. Assume

z - 1~ via actual values, thus we able to state (11) as

Z K[6(k—1) +y(Bk—1) +B+1 -8BV ax < y(B+1—8).

k=2

And such completes the evidence.
Corollary 1: Assume thr function f e M(6,0,y,A). At that time

y(B+1-6)
k[6(k =D +yBk—1D+B+1-08)]B (1) ’

3. Theorem as closure:

ak_

Theorem 2: Assume the tasks £, specified through
fi(2)=z+ Z arrz* ,(ag, 20, r=12,..,1),
k=2

Asitisinthe M(8,p,y,A) class foreach r=1,2,..,1.At that time the function h
specified through

h(z)=z+ ) e,z¥ (e, =0),
also belongs to the M (6, 5,y,A) class, in which

l
1
w1

Evidence: Since f. e M(6,0,y,A), at that time through Theorem 1, we obtain

z k[6(k =) +y(Bk =D+ B +1=8)]B(Dax, sy(B+1-6), (12)

For each »=1,2,...,1. Hence

Z K[5(k —1) + y(Bk — 1) + B + 1 — 6)]Br(Dey
k=

2

1) 1 l
= > k60— D +yBle— 1D+ + 1= B ] ) aur

k=2

=

r=1

Nl)—\

(Z K6k — 1) +y(B(k—1) +B+1— 5)]Bk(/1)> <y(B+1-6).

k=2

3747



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3744-3756
https://publishoa.com

ISSN: 1309-3452

Through Theoreml, it is following h € M(6,B,y, A).
4. Growth and Distortion Theorems:

Theorem 3: Iff e M(6,,v,7), at that time
y(B+1-9) y(B+1-9)

T e Y s IR l2l* < 1f @1 < 121+ 5057 Y +1-8)I1+ 1) 2% (13)
The finding is sharp for the f(z) function offered through:
3 y(B+1-90) )
&=zt s v 1=+ >
Evidence:
@I =|z+ ) at| <2+ ) aylzl*
k=2 k=2
<lzl+1z|* ) a.
ThroughTheorem1l
i y(B+1-9)
(085 < .
— 2[6+y@p+1-8)](1+2)
Thus
y(B+1-6) )
F@l <zl + 2[6+y@p+1-8)](1+2) 2"
@Iz 12l = ) aglal*
k=2
> 171~ 1217 )
k=2
y(B+1-6) 5
F@l =22 = as s i aiasn A
Theorem 4: Iff e M(5,8,y, 1), at that time
y(B+1-96) , y(B+1-96)
" Gry@sri-ojarn s @t ri—aarn - @Y

The finding is sharp for the f(z) function offered through

y(B+1-96) 2
[6+y@p+1-0]1+21)"

f(z)=z+2
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Evidence:
F@l =1+ ) kaylal*?
k=2
<1+ 2|z| ay .
ThroughTheorem1l
i y(B+1-29)
ay < .
i 2[6+y@2Bp+1-8)](1+2)
Thus

y(B+1-16)
[6+y2B+1-8](+21)

If'@l=1+ |z

@2 1= ) kaylz*!
k=2

>1-2|z| z ay
k=2

y(B+1-16)
[6+y2B+1-8](1+21)

If' (2 =1-

|z] ,

This completes the evidence.

5. Star likeness Radii, Convexity

In the theorems as follow, we have the star likeness radii, convexity and close- to-

convexity for M(8, 8,y, A) class.

Theorem (5): Iff(z) e M(8,B,v,A,7), at that time f(z) is univalent star like in|z| < ry, Of
p (0 < p < 1)order, in which

k(1-p8k =D +yBk -1 +B+1-8)]B D)1

n = imnf k=G 1-0) ()
The finding is sharp for the f(z) function offered through
B y(B+1-96)
[ = 2 =D ¥y Gl D+ B+ 1= B
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Evidence: We should display that

zf'(2)
f(2)

—1‘<1—p

Indeed, we have

<1l-p

zf'(2) 1‘ _ Zic=2(k = Dagelz*

f(2) T 1= alz|t T
If
(k — p)lz|*? < k[6(k—1D+yBk—-—1)++1-8)]Br (1)
1-p y(B+1-6)
We get
req KA =p)[8(k =1 +yBk -1 +B+1-8)]B(2)
| z| <
y(k—p)(g+1-0)
Therefore

1
k(1—-p)[6tk—1D+y(Bk—-1)+B+1—8)]B (D1
y(k—p)(B+1-96)

Set |z| =r;, we obtain the anticipated finding.
Theorem 6: If f(z) e M(6,B,y,A,7), At that time f(z) is univalent convex of order
p(0< p <1)in |z| <r,,inwhich

|z| <

DIk -1 +yB—D+p+1- 5)]3,(@)]1(—11 .
y(k—p)(B+1-4) =

The finding is sharp for the f(z) function offered through

y(B+1-6) K
[bk—D+yBh-1D+B+1-8)]B (D)~

Evidence: We should display that

r, = inf l(l — 2 (16)
k

f(z)=z+k

Indeed, we have
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zf"(2)| _ Yoo k(k — Daylz[*!
@ | = 1-yi ka1 =P
If
k(k —p)lz|*?* < k[6(k—1D)+yBk—-1)++1-8)]Bc(1)
1-p) B y(B+1-196)
k-1 < (1-p)[6(k—1) +V(ﬁ(k—1)+ﬁ+1—5)]3k(/1)
|z
y(k—=p)(B+1-0)
Therefore

A-p6k—D+yBEk-1)+p+1- 6)Bk(/1)k1
y(k—p)(B+1-96)

Setting |z| =r,, we get the desired finding .

|lz| <

Theorem 7: Assume f;(2), f>(2), ..., fi(z) specified through
oree Z Qs 2 (ags 20, s=12..1 k>2) (17)

Asitisinthe M(§, 5,7, A) class. At that time the arithmetic mean of

fs(z) (i=12,..,0) specified through

l
1
OEEWAD (18)

s=1

Be as well inthe M(4, ,y, A1)class.
Evidence: Through (17), (18), we able to state

k
Since f; € M(6,0,y,A) foreach (s = 1,2,...,1) so through utilizing Theorem1, we
verify that

o) l

1
Zk [6(k = 1) +y(Bk — 1) + B + 1 — 6)]B (1) (72 )
k=2 —
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oo

l
1
=7 Z (Z [6Ck—1) +y(Bk -1+ +1-38)]B (D) aks>
12
<7 ) vB+1-9)
s=1
=y(B+1-9).

6. Linear Combination:

Theorem 8: Assume
fiz) =z + Z ak,l-zk ,(ak,l- >0, i=12,..,1, k= 2)
Fitintothe M(6,S,y, A)class. At that time
l
F(z) = Z G, f.(z) € M(8,8,7,2),

Where

Zl:Gi =1. (20)

i=1

Evidence: Through Theorem1, we able to state for each i € {1,2,...1}

o)

Zk [6(k—1D)+yBk—-1D+pB+1-06)]B, (1) 1
kL = 4
&~ y(B+1-196)
Therefore
l ©
F(z)=) G <Z+ aklzk>
© l
=zZ+ Giak,i> Zk
2%
However

ik[d(k—1)+y(ﬁ(k—1)+/3+1—6) B, (D) ZG
y(B+1-05) el

Qi

i k[8(— 1) +y(B(k — 1) + B + 1 — 6)1B,(A)
y(B+1-0)

(19)
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At that time
F(z) € M(8,B,v,A). So, the evidence is complete.

5. Hadamard product:

Theorem (9): Assume

f(z)=z+Zakzk, g(z)=2+2bkz",
k=2 k=2

Fitin the (8, 8,7, A)class. . At that time the product of Hadamard of f and g is offered
through"

()@ =2+ ) ab 2"
k=2

belongsto M(35,8,v,4),
In which

B sy (B+1-68)(k—1)
PTGk — D+ yBUh-D+ B+ 1-0)2B— (B +1-)(Bk—D+B+1-5)

Evidence: Since f and g are inthe M (8, ,v, A)class, at that time

k[(k—D+y@Bk-D+p+1- 5)]Bk(/1)a

NgE

A <1, (21)
&~ y(B+1-14)
and
zk[S(k—1)+V(ﬁ(k—1)+ﬁ+1—5)]Bk(/1)bk <1 22)
&~ y(B+1-96)
We should detect the largest u as
O k80— 1) + u(Bk =D + B + 1 - 8)]B(A)
kzzz P EE— b < 1. (23)
Through Cauchy-Schwarz inequality, we get
C k80— 1) +y(Bk = 1) + B + 1= 8B, ()
Z e apby < 1. (24)

k=2
Therefore, it is sufficient to display that
k[6(k —1) +pu(Bk—1) + f +1—-8)]1B, (D) wb, < k[§(k -1 +y(B(k—1) + B +1-8)]B (D)

ZBr1-0) i = yB+1-9) @i
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That is
ulsCk = 1) +y(Bl— 1) + B+ 1 - 8)]
Vb S G T D Tk — D+ f1=0)] (25)
From (24)
y(B+1-10)
Vi S s~ D+ y Bk =D + B+ 1= 0)IB (D)’ (26)

Therefore, it is sufficient to display that

y(B+1-19) <u[5(k—1)+V(ﬂ(k—1)+ﬁ+1—5)] @7
k[6(k—1D)+yBk -1 +L+1-06)]B,(A) ~ vl6tk—1) +u@Bk -1 +p+1-196)]

which simplifies to

- sy¥P(B+1-68)(k—1)
HEkek—1D) +yBh-D+B+1-0)PBer’B+1-0BKk -1 +B+1-0)

Theorem10: Assume the tasks f; (j = 1,2) specified through

fj(z)=2+2ak,jzk, (ak,j >0,j= 1,2) (28)
k=2

As itisintheM (8, B,v,A) class . At that time the function h specified through

o0

h@) =2 = ) (aa? + a?) 7 29)

k=2
belongs to the M (6, B,y, A)class." In which

26v3(k—1)(B+1-96)
V2Bk—1D+L+1-8)[kBk—-1D+p+1-6)—-2(B+1-=8)]+ks2(k—1)%

Evidence: We should detect the largest ¢ as

(p:

o

Z k[6(k —1) + p(B(k — 1) + B + 1 - 6)]B, (1)
p(B+1-16)

(ar1? + ag2?) < 1. (30)
k=2

Since f;(z) e M(5,B,y, D = 1,2), we get
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O (KIS — D) +yBUh—D+B+1-OIBW\ , _(CKBKk=1)+yBl—1+p+1- 8B,
2 w0,
k=1

y(B+1-20) y(B+1-0) ak,l) <1 (31

k=1

and

i (k[a(k “D+yBh-1D+p+1- 6)]&(1))2 , (i k[5(k = 1) +y(B(k— 1) + B + 1 - 8)]B(A)
Ap,” < a

2
y(B+1-9) y(B+1-0) k.z) =1 (32

k=1 k=1

Combining the inequalities (31) and (32), gives

i 1 (k[a(k 1) +yBhk -1 +p+1-6)]8,()
2

2
ap 1%+ ag,?) < 1. 33
y(ﬁ 1o 5) > ( k,1 k,2 ) ( )

k=1
But, h e M(5,8,y,2) if and single if

o)

Z k[s(k—1) + o(B(k— 1) + B+ 1 - 68)]B, (1)
p(B+1-96)

(A ? + ag2?) <1 (34)
k=2

The inequality (34) would be satisfied if

Kok =D+ Bk =D +B+1-IB) _k[6(k =1 +yBh =D +B+1-OI*B(D)
p(B+1-46) a 2y?(B +1—06)?

(35)

Hence

3 26v3(k—1)(B+1-96)
2Bk -1 +B+1-8)kBEh-1D+B+1-06)—2B+1—-06)] +ks2(k —1)%

Y
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