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Abstract 

Generally, there is no analytical method to calculate the chaotic solution of a dynamical system. In 

this paper, a simple proof of the existence of analytical solution in a discontinuous 2D discrete time 

piecewise chaotic map is reported, i.e., we show that a map that has a simple analytical solution can 

also have a chaotic attractor by the use of the classical definition of the Jordan canonical form 

defined for matrices available in most kinds of literature on linear algebra. 
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1. Introduction 

Many physical and engineering systems have been found to be best represented by piecewise-linear 

or nonlinear chaotic maps. See for example [1, 2, 3, 4, 5] where the discrete-time state space is 

divided into two or more linear or nonlinear regions with different functional forms separated by 

borderlines. On the other hand the chaotic map cannot be studied with the classical methods of 

continuous system with analytic solutions, since such chaotic map must exhibit sensitive 

dependence to initial conditions. This idea of sensitivity dependence is otherwise called butterfly 

effect [6, 7, 8, 9, 10, et al.,]. On the other hand, the study of chaotic behaviors of a discrete mapping 

is a very interesting field in dynamical systems theory. For example [11, 12, 13 et al.,]. Thus, the 

purpose of this work is to show that a discontinuous 2D discrete time piecewise chaotic map that 

has a chaotic attractor can be also have a simple analytical solution. The research result is obtained 

by using the Jordan canonical form defined for matrices [14, 15]. The evolution of the attractors of 

the 2D discrete time piecewise chaotic map are analyzed by using the bifurcation diagram, the 

Lyapunov exponent diagram and phase portraits when the bifurcation parameters are varied. 

2. The piecewise chaotic map 

The 2-D non-invertible discrete piecewise map is given as follows 

𝑓(𝑥𝑛, 𝑦𝑛) = (
−𝑎|𝑥𝑛| + 𝑦𝑛
𝑏𝑥𝑛 + 𝑦𝑛

)                                                                                    (1) 
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Where (𝑥, 𝑦) ∈ ℝ² is the state space, 𝑛 is the discrete time and (𝑎, 𝑏) ∈  ℝ² are bifurcations 

parameters (are the interactions coefficients of the map (1)). This equation is a piecewise linear 

version of the homogenous linear map. 

 Map (1) can be rewritten as follows 

𝑓(𝑥𝑛, 𝑦𝑛) = {
(
−𝑎𝑥𝑛 + 𝑦𝑛
𝑏𝑥𝑛 + 𝑦𝑛

)  if 𝑥𝑛 ≥ 0

(
𝑎𝑥𝑛 + 𝑦𝑛
𝑏𝑥𝑛 + 𝑦𝑛

)     if  𝑥𝑛 < 0
 

The only trivial fixed point of the system (1) is 𝐴(0,0). The Jacobi matrix of the map (1) evaluated 

at a point (𝑥, 𝑦) is given as 

(
∓𝑎 1
𝑏 1

) 

The characteristic polynomial of the Jacobi matrix of the map (1) calculated at the fixed point which 

takes the form 

𝜆² − (1 − 𝑎)𝜆 − (𝑎 + 𝑏) = 0  if  𝑥 ≥ 0                                                                                                                                       

𝜆² − (1 + 𝑎)𝜆 + (𝑎 − 𝑏) = 0  if  𝑥 < 0 

If 𝑥 ≥ 0, according to the Schur-Cohn-Jury criterion available in [16] the fixed point 𝐴(0,0) of the 

map (1) is asymptotic stable if the following conditions are satisfied 

𝑏 < 0, 2 − 2𝑎 − 𝑏 > 0, 1 + 𝑎 + 𝑏 > 0 

    This leads to 

 𝑏 < 0,−1 − 𝑏 < 𝑎 <
2−𝑏

2
 

For 𝑎 = −0.4 and 𝑏 = −0.5 the eigenvalues are 𝜆₁ = 0.7 − 0.64031𝑖 and 𝜆₂ = 0.7 + 0.64031𝑖 

therefore, the fixed point is asymptotically stable, thus |𝜆𝑖(1 ≤ 𝑖 ≤ 2)| < 1. 

If 𝑥 < 0, according to the Schur-Cohn-Jury criterion available in [16] the fixed point 𝐴(0,0) of the 

map (1) is asymptotic stable if the following conditions are satisfied 

𝑏 < 0, 2 + 2𝑎 − 𝑏 > 0, 1 − 𝑎 + 𝑏 > 0 

    This leads to 

𝑏 < 0,
𝑏 − 2

2
< 𝑎 < 1 + 𝑏 

For 𝑎 = 0.4 and 𝑏 = −0.5 the eigenvalues are 𝜆₁ = 0.7 − 0.64031𝑖 and 𝜆₂ = 0.7 + 0.64031𝑖 

therefore, the fixed point is asymptotically stable, thus |𝜆𝑖(1 ≤ 𝑖 ≤ 2)| < 1. 
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3. Numerical results 

In this section, we will illustrate some observed chaotic attractors, the dynamical behaviors of the 

map (1) are investigated   numerically. Fig. 1 and Fig. 2  shows respectively the bifurcation diagram 

and the diagram of the variation of Lyapunov exponent of the map (1) by varying the parameter 𝑎. 

For the range -2 ≤ 𝑎 ≤ -1. It can be observed from Fig. 1 that the map (1) undergoes the following 

dynamical behaviors as 𝑎 increases:  

For -2 < 𝑎 ≤ -1.1, map (1) is chaotic. If we fix the parameter 𝑎 to the value 𝑎 = -1.80 and b = -0.003, 

the dynamical behavior of the map (1) is chaotic, which is verified by the corresponding largest 

Lyapunov exponent is positive, as shown in Fig. 2. The corresponding chaotic attractor is shown in 

Fig. 3.  Also, Fig. 4 shows chaotic attractor of the map (1) (𝑎 = -2 and b = -0.003), Fig. 5 shows 

Chaotic attractor of the map (1) (𝑎 = -1.3 and b = -0.004), and Fig. 6 shows Chaotic attractor of the 

map (1) (𝑎 = -1.12 and b = -0.004). 

For -1.1 < 𝑎 ≤ -1, map (1) is periodic and there are several chaotic windows.  

 

Fig. 1: Bifurcation diagram from map (1) for −2 ≤ 𝑎 ≤ −1. 

 

Fig. 2: Lyapunov exponents from map (1) for −2 ≤ 𝑎 ≤ −1. 



JOURNAL OF ALGEBRAIC STATISTICS 

Volume 13, No. 3, 2022, p. 5446-5453 

https://publishoa.com 

ISSN: 1309-3452 

5449 

 

Fig. 3: Chaotic attractor from map (1) for 𝑎 = −2, 𝑏 = −0.003. 

 

Fig. 4: Chaotic attractor from map (1)  for   𝑎 = −1.8, 𝑏 = −0.003. 
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Fig. 5: Chaotic attractor from map (1)  for 𝑎 = −1.3, 𝑏 = −0.004. 

 

Fig. 6: Chaotic attractor from map (1) for 𝑎 = −1.12, 𝑏 = −0.004. 

4. Analytical solution of the piecewise chaotic map 

The map (1) has different periodic and chaotic attractors when changing the parameter 𝑎. The 

positive largest Lyapunov exponent indicates that the solution is chaotic see Fig. 2. Now we show 

that a discrete-time chaotic piecewise linear map (1) that has an analytical solution by using the 

Jordan canonical form defined for matrices exist in toolbox on linear algebra. 

Map (1) can be written as 

𝑧𝑛+1 = {
𝐴𝑧𝑛        if 𝑥𝑛 ≥ 0  
𝐵𝑧𝑛      if 𝑥𝑛 < 0
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Where 

𝐴 = (
−𝑎 1
𝑏 1

) , 𝐵 = (
𝑎 1
𝑏 1

)  and 𝑧𝑛 = (𝑥𝑛
𝑦𝑛
) 

Such analytical unique solution of map (1) has the form 

𝑧𝑛+1 = {
𝐴𝑛𝑧𝑛      if 𝑥𝑛 ≥ 0  
𝐵𝑛𝑧𝑛      if 𝑥𝑛 < 0

, 𝑛 = 0,1, … 

Where 

𝐴𝑛 = (𝑃𝐽𝑃−1)𝑛= 𝑃𝐽𝑛𝑃−1 

𝐵𝑛 = (�́�𝐽�́�−1)𝑛= �́�𝐽 ́𝑛�́�−1 

And where 𝐽 (resp 𝐽) is the matrix whose columns consist of the two eigenvalues of the matrix 𝐴 

(resp 𝐵) and 𝑃 (resp �́�) is the matrix whose columns consist of the two eigenvectors of the matrix 𝐴 

(resp 𝐵). 

Now, some algebra leads to the following from and we have 

𝐴𝑛 = (
𝛼₁₁ 𝛼₁₂
𝛼₂₁ 𝛼₂₂) 

{
 
 
 
 
 

 
 
 
 
 
α₁₁ =

1

4
ξ₁ⁿ⁻¹ξ₂ξ₃

ξ₄
−

1

4
ξ₅ⁿ⁻¹ξ₂ξ₃

ξ₄

α₂₁ =

1

2
ξ₁ⁿ⁻¹ξ₃

ξ₄
−

1

2
ξ₅ⁿ⁻¹ξ₂

ξ₄

α₁₂ =

1

4
ξ₁ⁿξ₂ξ₃

ξ₄
−

1

4
ξ₅ⁿξ₂ξ₃

ξ₄

α₂₂ =

1

2
ξ₁ⁿξ₃

ξ₄
−

1

2
ξ₅ⁿξ₂

ξ₄

 

and 

{
 
 
 
 
 

 
 
 
 
 ξ₁ =

1

2
−
1

2
𝑎 +

1

2
√(1 + 𝑎)² + 4𝑏

ξ2 = −1 + 𝑎 +
1

2
√(1 + 𝑎)² + 4𝑏

ξ₃ = 1 − 𝑎 +
1

2
√(1 + 𝑎)² + 4𝑏

ξ₄ = √(1 + 𝑎)² + 4𝑏

ξ₅ =
1

2
−
1

2
𝑎 −

1

2
√(1 + 𝑎)² + 4𝑏

 

And where 
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𝐵𝑛 = (
𝛽₁₁ 𝛽₁₂
𝛽₂₁ 𝛽₂₂

) 

where 

{
 
 
 
 
 

 
 
 
 
 
𝛽₁₁ =

1

4
ξ6ⁿξ7ξ8

ξ9ξ10
−

1

4
ξ11ⁿξ7ξ8

ξ10ξ12

𝛽₂₁ =

1

2
ξ6ⁿξ7

ξ9ξ10
−

1

2
ξ₅ⁿξ7

ξ10ξ12

𝛽₁₂ =

1

4
ξ6ⁿξ7ξ8

ξ10
−

1

4
ξ11ⁿξ7ξ8

ξ10

𝛽₂₂ =

1

2
ξ6ⁿξ7

ξ10
−

1

2
ξ11ⁿξ8

ξ10

 

and 

{
 
 
 
 
 
 

 
 
 
 
 
 ξ6 =

1

2
+
1

2
𝑎 +

1

2
√(1 − 𝑎)2 + 4𝑏

ξ7 = 1 + 𝑎 + √(1 − 𝑎)2 + 4𝑏

ξ8 = −1 + 𝑎 +√(1 − 𝑎)2 + 4𝑏

ξ9 =
1

2
−
1

2
𝑎 +

1

2
√(1 − 𝑎)2 + 4𝑏

ξ10 = √(1 − 𝑎)2 + 4𝑏

ξ11 =
1

2
+
1

2
𝑎 −

1

2
√(1 − 𝑎)2 + 4𝑏

ξ12 =
1

2
−
1

2
𝑎 −

1

2
√(1 − 𝑎)2 + 4𝑏

 

 

5. Conclusion 

This paper is devoted to the rigorous proof of the existence of analytical solution in a discontinuous 

2D discrete time piecewise chaotic map. This interesting property is determined by using the 

classical methods of the Jordan canonical form available in tool books on linear algebra. 
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