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Abstract

This paper shall attempt to introduce some identities involving finite sums of the product of
the Fibonacci, the Lucas numbers and the Complex Fibonacci numbers in the derivatives of
Chebyshev polynomials of second kind using computational method.
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1. Introduction
The Fibonacci numbers (F,) and Lucas Numbers (L,,) are defined by the second-order Linear
recursive relations

E,=F,_1+F,,,n>2 with Fb=0 andF, =1 (1)
and
Ly =Ly q+Lypn >2withLy=2and L, =1 (2)
Again, the Complex Fibonacci numbers [7] are represented by the recursive relation as
follows

F'p=F, 1+F, ,,n>2 with FFfg=i andF*;=1+1i (3)
where i = —1 and
F'n=F+iFh (4)
The Chebyshev polynomials of first, second, third, and fourth kind [2][5] defined
recursively for integer n > 1, are as under:

Tn(2)= 2271 (2) — T, (2) with T5(z) =1land T} (2) =z (5)
U, (z) = 2z2Up_1 (2) —Uy_, (z) with Uy (z)=1and U, (2) =2z (6)
V,(z)=2zV,_1(z)— V,_, (z) withVy (z)=1and V; (z) =2z —1 (7)

W, (z) = 2zW,_, (z) — W,_, (2)withW, (z) =1and W, (z) =2z+1 (8)
These Second-order linear recurrence sequences in turn leads to following general
formulae [1][5]
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T,(z) = %[(z ++/z2 — 1)n + (z —+\z% - 1)n] 9)
V) = (=) (10)

Utilizing above discussed recurrence relations, it can be easily observed that, for integer
n = 0, we have ([1]-[3], [5]),

un(z) =

Vn(2) = Up(2) — Uy—1(2) (11)
Wn(z) = Un(Z) + un—l(z) (12)
Wp(z) = (=" V,(-2) (13)

The Chebyshev polynomials properties were given by many authors for instance Zhang [2] has
studied the finite sums of the product of Chebyshev polynomials, Fibonacci and Lucas
Numbers and derived interesting results, particularly

Y U@ Uy (@)U () = 5 U () (1)

rrl
d1+d2+"'+dr+1=n

whereU’ (z) denotes the rt" derivative of U,,(z) w.r.t x and the sum runs over all the r+1-
dimensional non-negative integral coordinates (d;,d,,-,d,;+;) such thatd; +d, + -+
dry1 =1

In the same line, this paper shall attempt to introduce some more identities, involving
finite sums of the product of the Fibonacci and the Lucas numbers and the derivative of the
second kind Chebyshev polynomials using computational method. We have following main
results.

Theorem 1: For n,r >0,

1 -« S 3
Z F2d1+1 ' F2d2+1 "'der+1+1 = or rlz(_l)] < ] ) n—i+j (E)
j=0

d1+d2+"'+d7«+1=n
where (T;fl) =0 forj>r+1

Theorem 2: For n,r >0,

n

1 r+1y, 3
z L2d1+1 . L2d2+1 "'der+1+1 = or r'Z( j ) n-it) (E)

d1+d2+"'+dr+1=n ]=0
where (T}fl) =0 forj>r+1

Theorem 3: For n,r >0,

n

i i i} (in+1)r+1 r+1 i
2, Fan Fan P = ) OV (1)t (-3)

d1+d2+"'+dr+1=n j=0
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n

1 r+1 i

~ et gr r!Z)(_l)]< j )u; i+j (2)
]:

where (r“) =0 forj>r+l1 and F*, is a Complex Fibonacci number.

Corollary 1: For n,r =0,

1 r+1y 3
F—(2d1+1) ) F—(2d2+1) L (2dr41+1) = Z(_ )] ( j )un—i+j (E)
j=

d1+d2 +"‘+dr+1=7’l

where (r“) =0 forj>r+1

Corollary 2: For n,r >0,

(_1)r+1 n r+1 i 3
L—<2d1+1)'L—<2d2+1)"'L—(zaT+1+1)=—z< , )u (-)

27' r! _] n—i+j
d1+d2+"'+dr+1=n ]=0
where (”1) =0 forj>r+1

Corollary 3: For n,r >0,

F' a4+ F -ay+) " F'-dy 40 = _Zr r Z( 1)]( ' )U’T"”f (E)
d1+d2+"'+dr+1=n ]_

B ((—i)”-lir+1 2T r Z(_ ) (r : 1) Un-i+j (‘%)

where (rjl) =0 forj>r+1 and F*, is a Complex Fibonacci number.

2. Proof of the Theorems and Corollaries.

From [6], we have

Vd1 (Z) ) de (Z) vdr+1 (Z) - 2T

(@ as

d1+d2 +"'+dr+1=n

Wa @) Wa, @ W, @ = 3 ()@ a6)

d1+d2+"'+dr+1=n ]]ZO
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where all sums in (15)-(16) runs over all non-negative integers (d,,d,, ---, d,4+1) suchthat d, +
d, + -+ d,.; = nwith (”1) =0 forj>r+1.

For proof of theorem 1, take z = % in equation (15), we have

20 ()50 () ) = (i) 09

d1+d2+"'+dr+1=n
: : 3
) = Fy,42 in equation (11)to get W, (E) = Fopni1

_ 3
Using, U, <§

So, we have from (17)

1 v (T 3
Z Faa 41" Faay 41 Fadpy 41 = o7 rlz(_l)] ( j )u"_i+j (E)
j=0

d1+d2+---+dr+1=n

Hence the theorem 1 is proved. m

For theorem 2, similarly, taking z = % in equation (16), we have

> @@ Q2 (@) o

d1+d2+'~+dr+1=7’l ]=0
. 3 . . 3
Using, U, (§> = F,,4, in equation (8) to get W, (E) = Lons1
we have
n
1 r+1y_. 3
L2d1+1 ’ L2d2+1 LZdr+1+1 = ﬁz ( j )un—i+j (E)
d1+d2+"'+dr+1=n ]=0

Hence the theorem 2 is proved. m

For proof of the theorem 3, take z =—i2 in equation (15), and z = % in (16) , we have

R S B YO MW S
i (5) e (§) (9= (3 Vi (5) o

d1+d2+"'+dr+1=n J=0

d1+d2+"'+dr+1=n
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Using, U, (%) = ("F,,, in equation (12) to get W, (%) =" 1E;

and using this in turn in (13) we get, V, (— i‘) = fa

2 in+1 °

Therefore (15) and (16) reduces to

(in+1)r+1 n

r+1 [
Foa,41 F2a,41 F'2a, 41 = WZ(—D’( . ) it (—§> (21)

d1+d2+"'+dr+1=n ]=0 ]

n
1 (r+1 i
Fraagyrn Fradyer Fradrae1 = rmnyeri o T!Z(‘”’ ( j ) n-i+] (E) (22)
j=0

d1+d2+"‘+dr+1=n
This establishes the theorem 3. m

For proof of Corollary 1 and 2, using F_,, = (—1)™*'E, and L_,, = (—1)" L, in theorem 1
and 2 respectively, we get the desired results. Again, the Corollary 3 can be established by
taking the conjugate of F*, in theorem 3 and using F*_,, = (—1)"*'F*, , where F*, is
conjugate of F*,,. m
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