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Abstract: we have deliberated the notion (¢, t,,t5)- Neutrosophic multifuzzy (Normal)subring and
ideal and proved some theorems thar are related to the notion. Utilized the concept of level sets and
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1. Introduction

The defined thought of fuzzy set was enlightened by L.A.Zadeh[12]. Smarandache[15]
initiated Neutrosophic set to build the thought of Atanassov’s[1] intuitionistic fuzzy sets which is,
the part of philosophy. Gradually, some developments of this term were developed. It has been
expanded by researchers in fields such as medical diagnosis, decision making, etc. In view of fuzzy
set hypothesis, Multifuzzy set was initiated by Sabu and Ramakrishnan [8,9]. The unified notions
of Multifuzzy set and Groups called as multifuzzy groups was examined by Muthuraj and
Balamurugan [5,6]. Also, he has discussed its Level Subgroups. The combined concepts
Intuitionistic Fuzzy sets and Fuzzy Multisets together reached as Intuitionistic Fuzzy multisets by
Shinoj [11]. To elaborate the neutrosophic set theory, the conception neutrosophic multiset was
originated by Deli [13] for modelling vagueness and uncertainty. The thought of t-Intuitionistic
fuzzy groups along with homomorphic property had explored by Sharma [2,10]. It’s generalized
notion was examined by B.Anitha.[3] et.al. The scope of this work is utilizing the notion of
Neutrosophic set and multifuzzy set in conjucation with rings we have tendency to characterized
here an idea of (11, to, t3)- Neutrosophic multifuzzy subrings along with some properties and create
sense of certain outcomes connected with them.

2. Preliminaries

Definition.2.1[13] ANMFS aon X be defined as follows: 1= {< X, ( pz(X), p3(X), -.., iz (x)),( ¥z
(%), U3 (%), -+ H2(X)), (F2(0), 2(3), -y £2(x)) >1 X € X }, Where, 1i(x), H;(X), fr(x): X — [0, 1] D,
0 < sup p} (x)+ sup H5(x) + sup g (x) <3 (i=1, 2, .., n) and for any % truth membership pz(x) >
(X) = ... 2 1z(x) as decreasing order but no restrictions for indeterminacy and falsity membership
. Furthermore, n is called the dimension of g, denoted d ().
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Definition.2.2[10] Let z be an Intuitionistic fuzzy set of a ring R. Let te [0,1] then a’ of R is called
t-intuitionistic fuzzy set of R with respect to intuitionistic fuzzy sets and is defined as
A = (py, Mywith py(x) = min {p (), t} and M (x) = max {H,(x),1 — t}v XER.

Definition.2.3[14] Let X, ¥ be two non-empty sets and F: X — ¥ be a function.

(i) If B=(y, nz(y), Us(¥), £ s(¥))/YEY isa NFS in v, then the pre-image of B under F,
denoted by F(B), is the NFS in Xx defined by
FHB) = {{xF " (np)®.F (U5 .F(fs)&):x € X} where F (1 5)(x) = (1 5) (F().

(i) If zis a Neutrosophic set in X, then the image of g under F, denoted by F(x), is the NFS in ¥
defined byF(n) = {().F( 1) &).F( 1) ().F(£2)3):y €V}, where

i -1
F[: l'l.!l) ()= [xes:livl( '1.41) x), if x€ F71(y)

otherwise
nf (M,)®, if x€ F1()
H %EF ¥
F[: g)@f) { il otherwise
f (FJ®, ifxe F1(y)
XEF (V)
(Fﬂ](y) { 1i otherwise

Where F( £,)3) = (1 —F(1 - (F )

3. (t4.t5, t5)-Neutrosophic Multifuzzy subring
Definition.3.1 Let 5 be a NMFS of aring R. Let te [0,1] then g’ of R is called t-NMFS with respect
to NMFS z and is defined as a' = (jr, Uy, padWhere iy = (g, 1 o), Uy = (M, M2 MR
Faf = [:Fif, F:F ...F})with iy (x) = min {{1,(x), t}, M, (x) = max {M,(x),1— t}and
fpr(x) = max {(,(x), 1 -t} ¥V XER,i=1,2,....,n
Definition.3.2 Let 5 be a NMFS of aring R. Let ¢, ,t,,t; € [0,1] and t,<1-t,, t;<1-t,.Then NMFS
a' of Riis called (¢ ,t;,t3) -NMFS of R with respect to NMFS zand is defined as a' = (jr, Uy, fyr)
.where My = [i['l;r, rlir rl;r) ’H,![( = (H;r, Hﬁr Hzr} v Fa’ = (F;r, Fﬁr FE!) with rl'i[r(X):mln{rl;[(X), ty },Hir
(X)=min{H}(x), t; }.eer(X)=min{ei(x), £} v XER,i=1,2,...,n
Note.3.3 When t,=1-t,, t;=1-¢t,.Then (t,t,,t;)-NMFS coincide with t,-NMFS. Thus, every t-
NMEFS is (t,1-t,1-t)-NMFS.
Definition.3.4 Let 1 be a NMFS of a ring R. Let ¢, ,t,,t; € [0,1] and t,<I-t,, t;<1-t,. Then g is
called (t, ,t;,t3) -NMFSR of R if g’ satisfies the following condition:
Drex—y) = min (1 Qo1 () (0) oGy 2 min (1 G (1))

My (x— ) < max My (%), My (¥)) M (xy) < max (M (%), My ()

Far(x—y) < max £y (0, () o Gy) < max (£ (%), £ (¥))
With j(x), Hy(x), g (x): X — [0, 113 0 < sup pr(x)+ sup My (x) + sup gyr(x) <3 where truth
membership function rlir(x) > pﬁf(x) > ... 2 pp(X) as decreasing order but no restrictions for

indeterminacy and falsity membership function.

Remark.3.5 If g is (t,.t;,t;)-NMFSR of R for all ¢, ,t,,t; € [0,1] with t,<1-t,, t;<I-t,.Then g is
t-NMFSR of R for all te [0,1](assume t=t,, t,=1-t,, t;=1-t,).However if g is t-NMFSR of R for some
te [0,1] then it is not necessary that z is (t, ,t;.t;)-NMFSR of R when t=¢,, t,<1-t,, t;<1-t,as the
accompanying example will show our case.
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Example. 3.6 Consider the ring (Z,,+, -). Define NMFS z of Zz, by a= {(<0(0.7,0.6,0.4)
(0.3,0.4,05) (0.2,04,0.6)>, <1(0.4,0.3,0.2) (0.50.6,0.6) (0.3,0.50.6)>, <2(0.6,0.4,0.4)
(0.4,0.5,0.8) (0.4,0.5,0.6)>, <3(0.4,0.3,0.2) (0.5,0.6,0.6) (0.4,0.5,0.6)>}.

If we take t; = 0.2 then p1,r(x)= (0.2,0.2,0.2); H(x) = (0.8,0.8,08) = ¢ (x); V XE Zs.Hence xis 0.2-
NMFSR of z,.Suppose t;, t;, t; = 0.2 ,0.6,0.7 then p,/(x)= (0.2,0.2,0.2) v x€ Z,

_( (0.606,06) ifx=0,3
Hy(x) = { (0.6,06,0.8) ifx=2

NMFSR of z, as M, (3-1) =0.6,0.6,0.8, max{M,(3),H,(1)}=(0.6,0.6,0.6); U,(3-1)
% max{H,(3), M (1)}
Hence z is 0.2-NMFSR of z, but not (0.2,0.6,0.7)-NMFSR of z,
Proposition.3.7 If 5 is NMFSR of R then g is also( t, ,t,,t3) -NMFSR of R with t,<1-t,, t,<1-t,
where t, ,t,,t; € [0,1].
Proof Let s be NMFSR of R viand xy €R.
(D% ¥) = Minfr (), £} = Min {min{i, G0, 1,0 J£1) = Min{min{p (,¢, ) min{ ().t }}
=min{i (x), 1 ()}
Hi(x- ) = Max{Hi(x—y), t,) < Max {max{H}(), M () ), £z} = minfmax{Mi(x), ¢, }max{Hi(y),t, }}
= max{Hy (x), iy (v}
Similarly, ¢(x- y) < max{e,(x), 2 ()}
(@)1 (x y) = Min{p (), £} = Min {min{p (9,1 () ), £.J= minfmin{p (9, £, ), min{i )., )}
= min{i(x), 1 ()}
Hi(X y) = max{H(xy), t, )< max {max{Hi(x), UL (V)}.t,] = min[max{nj;@,tz }max{Hi(y).t, }}
= max{Hy (x), iy ()}
Similarly, g:(x ) < max{g,«(x), g (¥)}.From this a is (¢, ,£,,t;)-NMFSR of R.
Remark.3.8 If g is ( t;,t;,t3) -NMFSR of R then it isn't really a fact that 5 is NMFSR of R as is
obvious from the accompanying case.
Example.3.9 Consider the ring (Z,,+, -). Define NMFS g of 2z, by az= {(<0(0.9,0.8,0.7)
(0.3,0.5,0.6) (0.1,0.2,0.3)>, <1(0.8,0.5,0.4) (0.3,0.6,0.7) (0.2,0.3,0.3)>, <2(0.9,0.5,0.4)
(0.3,0.5,0.6) (0.3,0.4,0.5)>, <3(0.9,0.5,0.3) (0.3,0.6,0.7) (0.3,0.3,0.4)>}
It is clear that x is not a NMFSR of R as of ¢./(3-1) =0.3,0.4,0.5; max{f,(3),,(1)}=(0.3,0.3,0.4);
£2/(3-1) £ max{f,/(3),f,(1)}.Suppose we take t,, t,t; =0.2,0.7,05then p,(x)= (0.2,0.2,0.2);
U, (x) = (0.7,07,07) py(x) = (0.50.505)V XE Z,. It is clear that a" is NMFSR of z, and thus g is
(0.2,0.7,0.5)-NMFSR of z,.
Definition.3.10 Let a'= {x, i, Hy, £ XEX} and B’ = {X, ', Uy, for: XEX} be any two (¢, ,t5,t;
) -NMFS having the same cardinality n of X. Then
() o SBIff pyr(X)<ie (), Hyr(x) < Mgr(x)and £y (x) < for(x) )V XEX
(i) & =B iff ()= (%), Hpr(x) = My (x)and g (x) = i (x) )V XE X
(iii)a' n B :[: Mang s Hgn'B( rF,zm"B()
where  (1zns") (%) =min  {ry@. e @}E Min i@y @) Haas' (M=Max
(M2 (), My ()}=Max{H; (x), My ()} Fans' (R=MaX {fy (), fer ()}=Max{py (x), ey (0} ¥ X
€ Xxandi=1, 2., n.
(iv)n'uB :[: Maun s ng'B( rF,uLl"B{)

, Fr(®) =(0.7,0.7,0.7)v x€ Z,Hence ais not (0.2,0.6,0.7)-
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where (1) (%) =min  {ry@@)E Min {ig @ @) Hays' (R=Max
(M (), Ay (0 Jmmax{ i (x), My ()} Faue ' (0=MaX {2 (), pe (0 }=Max{ey (x), fr (0} ¥ X
exandi=1,2..,n
Result.3.11 Let a'= {x, p, Hy, fy: XEX} and B' = {X, g, He', pgr XEX} be any two (t;,t;,t3) -
NMFS of aring R. Then (z n B)'=g' nB".
Proof Let x€ R. Thenp, g (X)= mMinfii zx).t;}= mMin  {min{p (), 1w () },t,}  =min
{min{r, (x).£, }, min{pb (), ¢, 1= min{p (=), 1 (%)} e (x).Similarly, we can show that ki,
(X)= My (%), Flzn 2y (X)= Frrng (X)-ThUS (20 B)'=a' NB".
Proposition.3.12 The intersection of two (¢, ,t,,t;)-NMFSR of R is also (¢, ,t,,t3)-NMFSR of R.
Proof Let g and B be two (¢, ,t,,t;)- NMFSR of R and x,y" € R. Then for all i

(i) tzn 2y (xY) = Min{pi g (x — ¥, ¢, J=Min {min{p (x - y) pb(x— ) Lt1}
= min{min{i, (x— ), t, } min{ps (x— y),t, }}= minfpds (s — y). 1 5 —¥))
>min{minfry (O, 1 Omin{iy D e )] = Minfieg @y (D) =min
[rli-mq;. (). My ()
Hizngy (X ¥) = Max{y, g(x—y), £} =Max {max{Mj(x—y), Ha(x —¥) }.t;]
= max{max{lfl (x— ).ty }max{Hi(x—),t, }} maX{]fIi[r(x,—y’), ]fIfBr(x,—y’)} <max
(man{ul, (20, M (v) mas{kik (x), Ky () }}= Max{HiY s (), My ()} = ma {10 (%), Ky (1)
(1) 1{an gy (xy) = Min{i, 56, £} =MIn {minfr o). 15 (o) }.t1)
= min{min{p, Gey), £, } min{y Gy, £, }} = minp (), vy ()
Emin[min{rli'(x), () pmin{ e (), 1 (v )}}= MIN{ e (%), Hyrer () J=MiN
[n;'-m. &) 1y (V)
M{znmy (XY) = MaX{Hy, 5(xy). t5] =Max {max{H} () Ha(xy) }.t.)
—m(:lX[r:ﬂa:w:[}'IE (), t5 pmax{ ML (xy), £, }} maX{HEr()q/') UL ()} <max
{man{ily (20, 1% (v) mas{Hik (x), Wy ()} JEMaX{ MYy e (), Mg (V) FEMAX{ MLy (%), H gy (3}
In similar way we can easily show that,
Frangy (Y) < MaX{F 4 5 (), Flzn (7))
Flan sy (XY) < max[,::'.}m (%) FE'.M,B:,;@’)}.Hence AN Bisa(t;.t;t;)-NMFSROfRYV X,y €R,.

Definition.3.13 Let 5 be a NMFS of R. Let ¢, ,t,,t; € [0,1] and ¢,<I-t,, t;<1-t,.Then g is called
(i)(ty.t5,t3) -NMFLI of R if:

1oy (x—y)= min(rw(x), rlg!(:sf)) 2. 1y () = pe(y)
H',I’ (X._Sf) = max (Hg’(XJJ Hg’(yﬂ)) Hp;'r (W) = H,g’(}”)
Fr (x—y) <max £y (0, fer(¥) Fr () < £ (¥)

(ii)(ty.t5,t3) -NMFRI of R if:
Loy G-y zmin(ppe@rg(v) 20 pg Gy) = ()
Hy (x—y) < max My (), My (y)) My (=) < (%)
Fr (5—y) < max(fr (0, fx(¥)) Far () < ()
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(ifi)(ty ,t5,t5) -NMFI of R if:
Loy G-y zmin(e@rg (v) 20y 6) = max (i (0 ()

My (x—y) < max (M (x), My (y) My () < min (M (%), My ()
Fr (x—y) <max (e (. px(y)) Far (%) < min (£ (%), £ (1))
¥ X,y ER.

Proposition.3.14 If zis NMFL(R)I of aring R, then g is also (t, ,t,,t;)-NMFL(R)I of R.
Proof Let x, y € R .5 is NMFSR. (By proposition 3.7)
It is enough to show
e () 2 e (YD, () < Hp () £r () < £pr (¥)

Then for all i

(i) () = min{pé (), £,} > min{ 1 ().t} =15 )

(i) M(xy) = max{u(xy),t,) < max{ ui(y), t,}=Hy(v)
Similarly, we can show easily ¢, (xy) < g/ (y)v Xy ER.
Thus aisalso (¢, ,t,,t3)-NMFLI of R. Similarly, we can show easily for NMFRI.
Proposition.3.15 If zis NMFI of a ring R, then g is also (¢, ,t;,t3)-NMFI of R.
Proof Follows from the above proposition.

4. Homomorphism (hom...) of (¢, ,t,,t;)-NMFSR:
Definition.4.1 If = (M5, 65) is a(ty ,t;,t3)- NMFSin R, then F(a') = B', is defined by
) sup (i )(x®), if x€ F1(y)
f(ﬂd@}—kﬁlw(ﬂ)
0

otherwise

E 1
f(HLr)@f)_le;‘EW,(H DX, if xEF1()

otherwise

FleL )G = {m—fwl(ﬁl D), if xEFL(Y)
- otherwise

Where F is ring homomorphism of R onto R,. Also

FHB) = {{(x.F (1) .5 (M) .7 (rer) (0): x € a} where F~1(B) (%) = (B)F(X))-
Theorem.4.2 Let T be a hom... of ring R onto R,. If B €(t,,t,,t;)-NMFSR of R, then
F~1(B) € (t;.t5,t3)- NMFSR of R.
Proof: Letx,y € R. Let B € (t,,t,,t;)- NMFSR of R, Then for all i
@ F (1) x=9)) = ry(F(x=¥)) = pi(F(x) —F ) = min( piy (F&)), e (F)))

= min(F~( g ) . (1) ()

(M) x-y)) = Hy(F(x—y)) = Hy(F(x)-FE) < max( Uy (F&)), Uy (FG)))

= max(F~( My ) 0.5 (My) )
(i) F (1)) = 1 (FO)) = 1 (FxDF()) = min( iy (F(x)), iy (FD))

= min( F( g ) ®).F (rg) )

(M) = My (F(x) = My (F(x)FKN) € max( My (F(x)), My (F)))

= max(F~( My) (%).F* (Hg) ()
Similarly, we can easily show that F~* (¢ ) (x y) < max [j—“—l(pig;)(x ),;F—l(p;;)(y))
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Hence F~1(B) € (t, .t;,t;)- NMFSR of R.
Definition.4.3 Let s be a NMFS of aring R. Let ¢, ,t,,t; € [0,1] and ¢,<1-t;, t;<I-t,.If a (¢, ,t;.t3)
-NMFSR nofR is called (t;.t;,t3) -NMFNSR of R if it satisfies the following condition:
() =ny(xy); M) =Hy&), &) =) ¥V XYER
Theorem.4.4 Let R and R, be any two rings and ¥ be a hom... of R onto R,. If B € (¢, ,t;.t3)-
NMFNSR of B, thenF~*(B) € (t; ,t,,t3)- NMFNSR of R.
Proof Letx,y € R.Let BE (t,.t,,t;)- NMFSR of R, . By theorem 4.2 F~1(B) € (t, ,t;.t3)- NMFSR

of RThen forall i F~*(( 1) () = 1y (FG)) = n (FIFK)) = e (FOOF(x)) = ey (F(yx)
= (1) %)

F (1) 6) = My (F(xy) = My (F(XFO))= Ha(FOF(x)) = He (F(¥X)
=F~* (( M) (yx)) Similarly, we can easily show that 7= (( i) ) =F(( f) 4%

Hence F~1(B) € (t,,t5.t:)- NMFNSR of R.

Theorem.4.5 Let ® and R, be any two rings and F be a hom... of R onto R,. If B € (¢, ,t,,t3)-NMFI

of R, thenfF1(B) € (t,,t,.t3)- NMFL(R)I of R.

Proof Let x,ve R. Let B € (t;.t5,t5)- NMFLI of R, Then for all i, By theorem 4.2

FL(B) € (t, .ty t3)- NMFSR of R.It is enough to show

P (i) @)) 274 (1) 60)s 7 () e ) < 74 (1) 0)F* ((Fe) ) <

F () ®))

F (1)) = mer(F()) = 1y (FFG) = iy (FON=F (1) )
FH(ny)&)) = My(F(x) = He(F(xFE)) < Hy(F(y) =F* ((H)®))

Similarly, we can easily show that F~* (( F;!)()qf)) =f! (( F%)@’))

Hence F~1(B) € (t,.t;t3)- NMFLIof R.In the same way we prove that F~1(B) € (t, ,t;,t3)-
NMFRI of R.

Theorem.4.6 Let F be a hom... of ring R onto R,. If B € (¢t,,t;,t;)-NMFI of B, then
F~1(B) € (ty.t;,t3)- NMFI of R.

Proof Follows from the above theorem.

Theorem.4.7 Let F be a hom... of ring R onto R,. If g € (¢,.,t;,t5)- NMFSR of R then
F(a) € (t; .t t3)- NMFSR of R,.

Proof Let y,,y, € R, then there existx,,x, € R such that F(x, )=y, , F(x)=v>

If 5 € (t,.t5,t3)- NMFSR of R. Then

0 F(r) & —y)= minfF (1) -2t}
=min{F (1) (Flx) — F o)), ) = min{F ((r)FGe, —x0),£2)} =min {(( 1) — %), 1, )}
=) =) 2 min ), o) = min _sup (1), sup (G0
= min (F( 1y D) F (K ))
F (L) (v —y2))= max{F (M1 — y2).tz )} = max{F (M) (F) — Fx)) 2 )}
= max{F (( MOF (=, — %)t )} <max {(M)(x —x)1,)} =( M) (x, — %) < max( o (x,), MY ()
) = max (__inf (M), _inf (M) = max (F( 15 (v) F( My ()
(ii) F (1) &y JeminfF (( 1) aya)ots) = minfr (1) (FowFee)) 1)}
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= minff ((rF ) t)} zmin {((r)@e) )} =) exe) = ming p(xy), ()
= min (xe?klpt'y)( rl;r[xl)),xeiyﬂyjﬁ i (Xz))) = min (ﬂ: e (v1)) F( F‘L“@’z)))
F ([: Hy) (s _sz))zmax[f ([: Hi:)@’lffz)rtz)}: max[f ([: H.ir)[:f[fﬁl)f@iz)):tz)}
= max{F (( MF (o). £2 ) <max {(( 18) Geze) £2)}=( MY ) () < mae( Y (), MY ()
— max (foi‘lei'}-’j ( ”ir’(m)’xqucy;.( ui (xg))) — max (j—“ (mtvp).F( (yz)))
similarly, 7 (( ) (v; —¥2)) < max(F( e 0) F( e (v2))

F((E)@—y2) < max(F( frv) 7 (£e(v2) JHence F(a) € (¢, t2.5)- NMFSR of R,
Theorem.4.8Let Fbeahom...of R onto R,. If g € (¢, ,t5,t3)- NMFNSR of R then F(a) € (¢t .t t3)
- NMFNSR of R,.

Proof Let y,,y; € R,then there exist x,;,x, € Rsuch that F(x, )=y, , F(x)=v:

If 5 € (t,,t;,t;)- NMFNSR of R. Then by theorem F(z) € (t, ,t;,t3)- NMFSR of R,.Then for all i,

F (( T‘.i:‘) @’ﬂfz)) = LF(( T‘.i:’)(f@h)f@iz))) =F ([: F‘L’) t:f[x-l?iz))) = o E?Ellpc'v » ( T‘;“(Xl?iz))
= sp (lex) F(() @)

In similar way F (( 1) v2y2) )= (M) v

F (( Fa') (Jflffz))zf ([: FL’)@’ZYJ.))-SO F(a) € (ty.t5,t3)- NMFNSR of R,.

Theorem.4.9 Let F be a hom... of ring R onto R,. If g € (¢, .t5,t3)- NMFL(R)I of R then
F(m) € (t,,t5,t3)- NMFL(R)I of R,.

Proof Let y,,y, € R then there exist x;,%x, € Rsuch that f(x,)=v, , F(x;)=y>

If 5 € (t,.t;,t3)- NMFI of R. Then by theorem F(g) € (t, ,t;,t3)- NMFSR of R,.

Then for all i,

) F((r) &) =min{F ((H)FGIFGE)) )} =min {F (( 1) Feuxe)t:)}
= min {(( E)(Gex) )ty )} =) ((Rax)) = (1) (%)) = mim {(( 1)(Gx)), )}
= min {(( 1)(G)).t1)} =min {F (1K) 52).t0)} =F (1K) 62)
(i) F((H) )= max {F (M) (FEIFG).1 )] = max F((H) (Fex))t2))
= max { (M) (exe)) 2 )} =(ME) (%)) < (15 ()= max {((1L)(Gx))., )}
= max {(((M)(G)). 2 )Jmmax fF (M%) (v2).e)) =7 (M) (v2)
similarly7 (( £)vw2) < F((£)2)
Hence F(z) € (t, .t;,t3)- NMFLI of R,.Insimilar way we can show F(a) € (t, ,t,,t3)- NMFRI of R,

Theorem.4.10 Let T be a hom... of ring R onto R,. If g €(t,.t;,t5)- NMFI of R then
F(m) € (ty .15, t3)- NMFI of R,.

Proof. Follows from the above theorem.

Definition.4.11 Let g be (t, ,t5,t3)- NMFS of R with respect to NMFS x. Let a;, 5;,%; €[0,1]. With
0<a; +5+ ¥ = 3. Then the set g, is called a level set of z, where for any x € a., 5, the
following inequalities hold /(x) = a;; My (R) = B fy(®) < v and @, S tf, < ty)y; < ta.
Definition.4.12 Let g and B be two (t; .t5.t3)- NMFS in R. Then¥x, ¥ €R, a' =B’ is defined as,
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[ sup miﬂ(ﬂi@)miﬁ(@)

in UL (y), UL P
(xom =] "I i x
inf  max(e (). fiy (2))

ﬁzyz

. (0,1,1) ifx+yz

Theorem.4.13 If g’ and B’ is any two (t, ,t;,t;)- NMFSR of a ring R. Then g e B" is a (t; ,t;,t5)-

NMFSRofR& a =B =B'a g .

Proof Suppose a’' = B' is a (¢ ,t;.t3)- NMFSR of R. & Each (1 © B"),g, are subrings of R, for all

a;, B;,v; €[0,1],i={1,2,..n}.Now, Koy °Bagy is a subring of R. Since g and B’ are (t,,t,,t3)-

NMFSR of R, each a', , and B’ by’ wHi
@By

and Hz are two subrings of R then Hi Hz is a subring of R. & HiHz = HoHi & (1 e B, =

(B’ ° A)ap, forall a; B,y €[0,1],i={1,2,..n}.

SpeB =B-x.

Theorem.4.14 If g’ isany (t,.t;,t;)- NMFSR ofaring Rthen g’ o g'= g’

Proof If for all «;, 5;.%; €[0,1], i= {1, 2...n}. Koy ° A apy™ apy .Since ' is (t; ,t5,t3)- NMFSR of

R, each o’

«py are subrings of R. & A epy° Bapy =B apy ° A

o8y 1S @subring of R.

= (&' = 0')qp,=A “Hisasubringof R = HH=H
=xen=n.

Theorem.4.15 Let a', B' be two (t, ,t5,t3)- NMFS in R. If 5/ and B’ be (t, ,t,,t3)- NMFI of R then
neB canB.

Proof Let x € R. Suppose a’ = B' = (0,1,1) then there is nothing to prove.

Suppose g’ = B" = (0,1,1)

Then,
min( 141, 1ty (2))
(7 °BY) = max(My (y), Hy (2) if x=yz
max(gls (v), Fy (2)

Since g/, B’ are(t, ,t,,t;)- NMFI of R then

M iD= kE® () my @< ikl = X
Hy (V)2 My (Vz) = Hy(x) Wy (2) = Uy (Vz) = UL (x)
Fr 00z fr(2) = Fr® Fr (2) 2 Fpr (¥2) = iy (®)

Thus,

) (=sup {min( (1), 1y () < min( 1@,y ()= g (%)

x=yz

H:-'g“ «B") (x)= EII, {max( HLW}J HEB(Z)} = T ( H:-I (_Y)! H%} (Z)) = HL'.’\"B' (®)

X=YyZ

Similarly, g, .z, (®) = fye(x). Hence s e Bc g’ NP
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Theorem.4.16 If gis (t, ,t;,t3)- NMFS of R with respect to NMFS g.Then gis(t, ,t;,t3)- NMFSR
of Riff B gy is a subring of R where for all a;, 5;,%; €[0,1] and a; < t;8; < t;; ¥, < ts.
Proof Assume that g is(t, ,t,,t;)- NMFSR of R.
Letxy ea,, Thenforalli ,i(x) = a; Uy < By () < 15
ey (x- ¥): (X y) = minfp (), 1 (60} = minfey, e =
Hy(x-¥), Hy(x y) <max{y (), Hy ()} < max{B, f} < f;
Similarly, g:(x— ¥), fpr(xy) < %.
Thus i (x-¥), ney(Xy) 2@, Hy(X-y), HyXY) <8, prx— V). &Y) < 7.
Which implies x-y, Xy € ', 5, .Hence &', ¢ is a subring of R.
Conversely, let zis(t; . t;,t3)- NMFS of R. Each g, 4, is subring of R.
Letx, y € R, for all i, a;= min{(x), i ()}
B; =max{Hy (x), Uy (v)}, 1= max{ey (), g (v)}. Then forall i , i (x) = a; Uy (®) < B g (0 < 3
Which implies (%) 2 a; U y(x) < Bipr(®) = v, .
Thus %y € ,q’alﬁlysince B oy isasubring of Rsuch that a; < t; 3, < t;; ¥ < t3.
SO, {r(x- ¥), Her(x¥) = &= min{p (%), 1 (v)}
Hy(x-¥), Hyp(x ¥) = B;= max{Uy (x), Uy (N}; (% — ¥, fr(xy) = 1= max{el (%), fr ()}
me(x- V), X ¥)  zmin{ () e (00} ny (¥ Hp(X ¥) < max{ Hy(), My}
fr(x— V) (xy) < max{e (%), £ (v)}-Hence g is(t, ,t;,t3)- NMFSR of R.
Example.4.17 Consider the ring (Z5,+, -). Define NMFS g of ZzZ: by z= {(<0(0.9,0.8) (0.3,0.5)
(0.2,0.4)>, <1(0.8,0.4) (0.4,0.6) (0.2,0.5)>, <2(0.9,0.5) (0.3,0.5) (0.3,0.6)>, <3(0.5,0.3) (0.4,0.6)
(0.3,0.6)><4(0.7,0.5) (0.4,0.6) (0.4,0.7)>} Suppose we take t,,t, t3=10.2,0.50.7
Then, «,=0.2,0.1; £=0.8,0.9; 1;=0.7,0.8 for i= 1,2.then p,(x)= (0.3,0.3); £,(x) =(0.7.07)¥V X

_( (0505) ifx=02 ) ) S .
€ Z5.Hy(x) _{ (0506) if x=134 It is easy to verify that a wgy 198 subring of R but 5 not a

NMFSR of R as of p,(4-1) =0.5,0.3; min{p,(4),r,(1)}=(0.7,0.4); £(3-1) £ min{p,(4), 1, (D}
Hence g not a NMFSR of R

Theorem.4.18 If F:R — R,is a surjective ring hom.. The homomorphic image of a level set which
is a subring of (¢, ,t,,t3)-NMFSR of R is again a level set which is a subring of (t, ,t,,t3)-NMFSR
of R,.

Proof Letabe (t,,t;,t3)-NMFSR of R. Let x,,x, € R. ThenF(a) isa (t, ,t,,t3)-NMFSR of r, and

Fx)=1, F)=y
Letx', g, bealevel setof 5 . Thenclearly ', ;. is a subring of R. suppose x;,x; € A’

Then, F(( 1) F G0 —Fi) )= F (( PG — %)
= sw (ea-w)

%~ %5 F

a.fy’

= sup {min( g (xp), 1y ()

= min (xle?-lﬂm:n( rt}(xl)),xgél_lﬂ_ﬁli I E%)))

=min{a; ,a; }

=a;
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similarly, F (( &) (F(x) - F(x))) =
F () (PG - FG)) )= F ((MFG — %))
- 31—335131111:'}’1—}’3:' ( HLF(X‘J‘ B XZ))

z Jnf {max(Hy(x,), My ()]

=max | _inf (HpGo), _inf (MiG)))

=max{p;.p; }

=B
similarly, F (( u3)(Fex) — FGx))) <,
In the same way we can show that F (( ) (FGx) —F(x)) ) = %F ((£) (FGx) —F)) ) < 1
s FO4) —F(xe) , FROF () €F (A 5, )
Hence 7 (&5, ) is a subring in &,
Theorem.4.19 If F:R — R,is a surjective ring hom... The homomorphic pre image of a level set
which is a subring of (t, ,t,,t;)-NMFSR of R, is again a level set which is a subring of (t, ,t,,t3)-
NMFSR of R.
Proof Let B € (t, .t,,t3)- NMFSR of R, .Then clearly F~*(B) is (¢, .t;.t3)- NMFSR of R. Let F(x;)
, F(x) €A g, Then for all i, py(F(x) 2 @, Hp(Fix)) < By pr(F)) =7 = mer(Fx)) 2 @,
Uy (FG)) < B0 pr (F)) = v
FH () Ot — 300 )= e (P — %)) el (F) — () 2min{ ey (Flxy)). iy (Fo) )=
similarly, 7~ (( ) (%)) =
P (W) (xy — %) )= Mg (F (s, — %)= il (F(ax) — F ) <max{ My (F(s,)), My (F(xo))J=6;
similarly, F* (M) (%)) < i
In similar way we can show that, F~* (( Far) (g — :;2)), Fi (( Far) (xlx,z)) <y
Hence F~*(B',,z, ) is a subring in R.
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