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ABSTRACT 

Let 𝐺 be a graph with vertex set 𝑉(𝐺) and edge set 𝐸(𝐺). Let 𝑓: 𝑉(𝐺)  →  {0, 1, 2} be a mapping. Assign the label 

⌈√𝑓(𝑢)𝑓(𝑣) ⌉ for each edge 𝑢𝑣. 𝑓 is called a geometric mean cordial (GMC) labeling if |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and 

|𝑒𝑓(𝑖)  − 𝑒𝑓(𝑗)| ≤  1, where the number of vertices and edges labeled with 𝑥 for 𝑥 ∈  {0, 1, 2} is denoted by  𝑣𝑓(𝑥) and 

𝑒𝑓(𝑥) respectively. A graph with a GMC labeling is called a GMC graph. In this research article we investigate the GMC 

labeling of Helm graph 𝐻𝑛 and also establish the GMC labeling of some graph operations on Helm graph such as Fusion 

and Duplication. We also prove that the graph operation Switching on Helm graph does not admit GMC labeling. 
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INTRODUCTION 

In this research article we consider only simple, finite, undirected and connected graphs. An assignment of numbers which 

are integers to the edges or vertices, or both with some conditions is called graph labeling. Let 𝐺 be a graph. Let 𝑉(𝐺) 

denote vertex set of 𝐺 and 𝐸(𝐺) denote edge set of 𝐺. Let 𝑓: 𝑉(𝐺)  →  {0, 1, 2} be a mapping. Define the induced edge 

labeling 𝑓∗: 𝐸(𝐺) → {0,1,2} by ⌈√𝑓(𝑢)𝑓(𝑣) ⌉ ∀ edge 𝑢𝑣. 𝑓 is called a geometric mean cordial (GMC) labeling if 

|𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  −  𝑒𝑓(𝑗)| ≤  1, for all 0 ≤ 𝑖, 𝑗 ≤ 2. Here 𝑣𝑓(𝑥) represents the number of vertices labeled 

with 𝑥 and 𝑒𝑓(𝑥) represents the number of edges labeled with 𝑥 where 𝑥 ∈ {0, 1, 2}. A graph that admits GMC labeling 

is a GMC graph [4]. In this research article we discuss the GMC labeling of the graph Helm 𝐻𝑛 and also establish the 

GMC labeling of few graph operations on Helm graph such as Fusion and Duplication. We also investigate that the graph 

operation Switching on Helm graph does not admit GMC labeling. 

PRELIMINARIES 

Definition 2.1. [5] 

The wheel 𝑊𝑛 is the graph obtained by combining 𝐾1 and 𝐶𝑛 i.e. 𝑊𝑛 = 𝐾1 + 𝐶𝑛. The apex of the wheel 𝑊𝑛 is the vertex 

corresponding to 𝐾1. The vertices on the rim of the wheel 𝑊𝑛 are the vertices of 𝐶𝑛 and the edges on the rim of the wheel 

𝑊𝑛 are the edges of 𝐶𝑛.  

Definition 2.2. [3] 

The Helm graph 𝐻𝑛 is constructed by joining a pendant edge to each vertex on the rim of a wheel 𝑊𝑛. 

 Definition 2.3. [4]  

The set of all vertices which are adjacent to the vertex 𝑣 in 𝐺 is called open neighbourhood of the vertex 𝑣 in 𝐺.  

Definition 2.4. [2]  
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The fusion of any two vertices 𝑢 and 𝑣 of 𝐺 as a single vertex 𝑤, gives a new graph 𝐺′ in such a way that the edges 

incident with either 𝑢 or 𝑣 in 𝐺 is now incident with 𝑤 in 𝐺′. 

Definition 2.5. [4]  

The duplication of any vertex 𝑢 of 𝐺 by another new vertex 𝑤 gives a graph 𝐺′ such that the neighbourhood of 𝑤 is the 

neighbourhood of 𝑢. 

Definition 2.6. [2] 

A switching of any vertex 𝑣 in a graph 𝐺 is constructed by removing all the edges which are incident with 𝑣 and joining 

the vertex 𝑣 with the vertices 𝑣𝑖, where the vertices 𝑣𝑖 are not adjacent to 𝑣 in 𝐺. 

RESULTS  

Theorem 3.1: The graph helm 𝐻𝑛  is a GMC graph if 𝑛 ≥ 5. 

Proof: Let Helm 𝐻𝑛 be a graph whose vertex set 𝑉(𝐻𝑛) = {𝑢, 𝑢𝑖 , 𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} and its edge set 𝐸(𝐻𝑛) =

{𝑢𝑢𝑖 , 𝑢𝑖𝑣𝑖 ∶  1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑢𝑖𝑢𝑖+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑛𝑢1}. Let 𝑙 denote the number of vertices and 𝑘 denote the 

number of edges. Then 𝑙 = 2𝑛 + 1 and 𝑘 = 3𝑛.  

Define 𝑓 ∶  𝑉(𝐺) → {0, 1, 2} as shown below: 

Case (i): 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑)  

Let 𝑛 = 3𝑡, 𝑡 > 1  

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡          

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 1            
2,     𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 1         

  1,   2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡                  
 

Then 𝑣𝑓(0) = 𝑣𝑓(2) = 2𝑡, 𝑣𝑓(1) = 2𝑡 + 1 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡. 

Case (ii): 𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  1, 𝑡 > 1 

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡 + 1   

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 2            
2,     𝑡 + 3 ≤ 𝑖 ≤ 2𝑡 + 3           

  1,   2𝑡 + 4 ≤ 𝑖 ≤ 3𝑡 + 1            
 

Then 𝑣𝑓(0) = 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 1 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡 + 1. 

Case (iii): 𝒏 ≡ 𝟐(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  2, 𝑡 ≥ 1 

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,               1 ≤ 𝑖 ≤ 𝑡          
2,        𝑡 + 1 ≤ 𝑖 ≤ 2𝑡        
1,     2𝑡 + 1 ≤ 𝑖 ≤ 3𝑡 + 2 

  and  𝑓(𝑣𝑖) = {
0,              1 ≤ 𝑖 ≤ 𝑡 + 1               
2,       𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 3             

  1,     2𝑡 + 4 ≤ 𝑖 ≤ 3𝑡 + 2              
 

Then 𝑣𝑓(0) = 2𝑡 + 1, 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 2 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡 + 2. 
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From all the above three cases, we see that |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  −  𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Hence 𝑓 is a GMC labeling. 

Illustration 3.1: GMC Labeling of graph Helm 𝐻52   

 

Figure 1. GMC Labeling of Helm 𝐻52. 

Here 𝑣𝑓(0) = 𝑣𝑓(2) = 𝑣𝑓(1) = 35 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 52. 

Therefore |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  − 𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Note: 𝐻3 and 𝐻4 does not admit GMC labeling. 

Theorem 3.2: The graph formed by fusing any two pendent vertices of Helm graph  𝐻𝑛 is a GMC graph if 𝑛 ≥ 5 and 

𝑛 ≠ 6.  

Proof: Let 𝐺𝑓  represents the graph formed by fusing any two pendent vertices 𝑣𝑖 and 𝑣𝑗 as one vertex 𝑢′ in a Helm graph 

𝐻𝑛. Then its vertex set 𝑉(𝐺𝑓) = {𝑢, 𝑢′, 𝑢𝑖, 𝑣𝑗 : 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛 − 2} and its edge set 𝐸(𝐺𝑓) = {𝑢𝑢𝑖 , 𝑢𝑗𝑣𝑗 ∶  1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑛 − 2} ∪ {𝑢𝑛−1𝑢′, 𝑢𝑛𝑢′} ∪ {𝑢𝑖𝑢𝑖+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑛𝑢1}.  

Let |𝑉(𝐺𝑓)| = 𝑙 and |𝐸(𝐺𝑓)| = 𝑘. Then 𝑙 = 2𝑛, 𝑘 = 3𝑛.  

Define 𝑓 ∶  𝑉(𝐺) → {0, 1, 2} as shown below: 

Case (i): 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑)  

Let 𝑛 = 3𝑡, 𝑡 > 2  

𝑓(𝑢) = 1, 𝑓(𝑢′) = 1 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡          

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 1            
2,     𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 1         

  1,   2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡 − 2            
 

Then 𝑣𝑓(0) = 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡. 

Case (ii): 𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟑) 
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Let 𝑛 = 3𝑡 +  1, 𝑡 > 1 

𝑓(𝑢) = 1, 𝑓(𝑢′) = 2 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡 + 1   

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 2            
2,     𝑡 + 3 ≤ 𝑖 ≤ 2𝑡 + 1           

  1,   2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡 − 1            
 

Then 𝑣𝑓(0) = 2𝑡, 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 1 and 𝑒𝑓(0) = 𝑒𝑓(1) = 3𝑡 + 1, 𝑒𝑓(2) = 3𝑡. 

Case (iii): 𝒏 ≡ 𝟐(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  2, 𝑡 ≥ 1 

𝑓(𝑢) = 1, 𝑓(𝑢′) = 2 

𝑓(𝑢𝑖) = {
0,               1 ≤ 𝑖 ≤ 𝑡          
2,        𝑡 + 1 ≤ 𝑖 ≤ 2𝑡        
1,     2𝑡 + 1 ≤ 𝑖 ≤ 3𝑡 + 2 

  and  𝑓(𝑣𝑖) = {
0,              1 ≤ 𝑖 ≤ 𝑡 + 1               
2,       𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 1             

  1,     2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡                     
 

Then 𝑣𝑓(0) = 𝑣𝑓(2) = 2𝑡 + 1, 𝑣𝑓(1) = 2𝑡 + 2 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡 + 2. 

From all the above three cases, we see that |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  −  𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Hence 𝑓 is a GMC labeling.  

Illustration 3.2: Fusion of vertices 𝑣29 and 𝑣30 of 𝐻30 and its GMC labeling.    

 

Figure 2. Fusion of vertices 𝑣29 and 𝑣30 of 𝐻30 and its GMC labeling. 

Here 𝑣𝑓(0) = 𝑣𝑓(2) = 𝑣𝑓(1) = 20 and 𝑒𝑓(0) = 𝑒𝑓(1) = 𝑒𝑓(2) = 30. 

Therefore |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  − 𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Theorem 3.3: The graph formed by duplication of any arbitrary pendent vertex 𝑣𝑖 of graph Helm 𝐻𝑛 is a GMC graph if 

𝑛 ≥ 5.   

Proof: Let 𝐺𝑑  represents the graph formed by duplication of any arbitrary pendent vertex 𝑣𝑖 of a graph Helm 𝐻𝑛. Then 

its vertex set 𝑉(𝐺𝑑) = {𝑢, 𝑢𝑖 , 𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖
′: 𝑖 = 1 or 2 or … 𝑛}  and its edge set 𝐸(𝐺𝑑) = {𝑢𝑢𝑖 , 𝑢𝑖𝑣𝑖 ∶  1 ≤ 𝑖 ≤

𝑛} ∪ {𝑢𝑖𝑣𝑖
′: 𝑖 = 1 or 2 or … 𝑛} ∪ {𝑢𝑖𝑢𝑖+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑛𝑢1}. Let |𝑉(𝐺𝑓)| = 𝑙 and |𝐸(𝐺𝑓)| = 𝑘. Then 𝑙 = 2𝑛 +
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2, 𝑘 = 3𝑛 + 1.  

Define 𝑓 ∶  𝑉(𝐺) → {0, 1, 2} as shown below: 

Case (i): 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑)  

Let 𝑛 = 3𝑡, 𝑡 > 1  

𝑓(𝑢) = 1, 𝑓(𝑣𝑖
′) = 0 for 𝑖 = 1 or 2 or … 𝑛 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡          

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 1            
2,     𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 1         

  1,   2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡                  
 

Then 𝑣𝑓(0) = 𝑣𝑓(1) = 2𝑡 + 1, 𝑣𝑓(2) = 2𝑡 and 𝑒𝑓(0) = 3𝑡 + 1, 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡. 

Case (ii): 𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  1, 𝑡 > 1 

𝑓(𝑢) = 1, 𝑓(𝑣𝑖
′) = 0 for 𝑖 = 1 or 2 or … 𝑛 

𝑓(𝑢𝑖) = {
0,        1 ≤ 𝑖 ≤ 𝑡 − 1    
2,       𝑡 ≤ 𝑖 ≤ 2𝑡 − 1  
1,     2𝑡 ≤ 𝑖 ≤ 3𝑡 + 1   

    and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 2            
2,     𝑡 + 3 ≤ 𝑖 ≤ 2𝑡 + 3           

  1,   2𝑡 + 4 ≤ 𝑖 ≤ 3𝑡 + 1            
 

Then 𝑣𝑓(0) = 2𝑡 + 2, 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 1 and 𝑒𝑓(0) = 3𝑡 + 2, 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡 + 1. 

Case (iii): 𝒏 ≡ 𝟐(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  2, 𝑡 ≥ 1 

𝑓(𝑢) = 1, 𝑓(𝑣𝑖
′) = 0 for 𝑖 = 1 or 2 or … 𝑛 

𝑓(𝑢𝑖) = {
0,               1 ≤ 𝑖 ≤ 𝑡          
2,        𝑡 + 1 ≤ 𝑖 ≤ 2𝑡        
1,     2𝑡 + 1 ≤ 𝑖 ≤ 3𝑡 + 2 

  and  𝑓(𝑣𝑖) = {
0,              1 ≤ 𝑖 ≤ 𝑡 + 1               
2,       𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 3             

  1,     2𝑡 + 4 ≤ 𝑖 ≤ 3𝑡 + 2              
 

Then 𝑣𝑓(0) = 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 2 and 𝑒𝑓(0) = 3𝑡 + 3, 𝑒𝑓(1) = 𝑒𝑓(2) = 3𝑡 + 2. 

From all the above three cases, we see that |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  −  𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Hence 𝑓 is a GMC labeling. 

Illustration 3.3: GMC Labeling of graph formed by duplication of vertex 𝑣1 of graph Helm 𝐻30.  

 

Figure 3. Duplication of vertex 𝑣1 of 𝐻30 and its GMC labeling. 
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Here 𝑣𝑓(0) = 𝑣𝑓(1) = 21, 𝑣𝑓(2) = 20 and 𝑒𝑓(0) = 31, 𝑒𝑓(1) = 𝑒𝑓(2) = 30. 

Therefore |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  − 𝑒𝑓(𝑗)| ≤  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Theorem 3.4: The graph formed by switching any arbitrary vertex of graph Helm  𝐻𝑛 does not admit GMC labeling. 

Proof: Let 𝐺𝑠  represents the graph formed by switching the vertex 𝑢 (apex) of graph Helm 𝐻𝑛. Then its vertex set 𝑉(𝐺𝑠) =

{𝑢, 𝑢𝑖 , 𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} and its edge set 𝐸(𝐺𝑠) = {𝑢𝑣𝑖 , 𝑢𝑖𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑢𝑖𝑢𝑖+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑛𝑢1}. Let 

|𝑉(𝐺𝑓)| = 𝑙 and |𝐸(𝐺𝑓)| = 𝑘. Then 𝑙 = 2𝑛 + 1, 𝑘 = 3𝑛.  

Define 𝑓 ∶  𝑉(𝐺) → {0, 1, 2} as shown below: 

Case (i): 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑)  

Let 𝑛 = 3𝑡, 𝑡 > 1  

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,            1 ≤ 𝑖 ≤ 𝑡 − 1    
2,             𝑡 ≤ 𝑖 ≤ 2𝑡         

1,     2𝑡 + 1 ≤ 𝑖 ≤ 3𝑡         
    and  𝑓(𝑣𝑖) = {

0,             1 ≤ 𝑖 ≤ 𝑡 + 1            
2,     𝑡 + 2 ≤ 𝑖 ≤ 2𝑡                 

  1,   2𝑡 + 1 ≤ 𝑖 ≤ 3𝑡                  
 

Then 𝑣𝑓(0) = 𝑣𝑓(2) = 2𝑡, 𝑣𝑓(1) = 2𝑡 + 1 and 𝑒𝑓(0) = 3𝑡 + 2, 𝑒𝑓(1) = 3𝑡 − 1 

 and 𝑒𝑓(2) = 3𝑡 − 1. 

Case (ii): 𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  1, 𝑡 > 1 

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,               1 ≤ 𝑖 ≤ 𝑡 − 1     
2,               𝑡 ≤ 𝑖 ≤ 2𝑡 + 1   
1,     2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡 + 1   

   and  𝑓(𝑣𝑖) = {
0,             1 ≤ 𝑖 ≤ 𝑡 + 2            
2,     𝑡 + 3 ≤ 𝑖 ≤ 2𝑡 + 1           

  1,   2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡 + 1            
 

Then 𝑣𝑓(0) = 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 1 and 𝑒𝑓(0) = 3𝑡 + 4, 𝑒𝑓(1) = 3𝑡 − 1 

 and 𝑒𝑓(2) = 3𝑡. 

Case (iii): 𝒏 ≡ 𝟐(𝒎𝒐𝒅 𝟑) 

Let 𝑛 = 3𝑡 +  2, 𝑡 ≥ 1 

𝑓(𝑢) = 1 

𝑓(𝑢𝑖) = {
0,               1 ≤ 𝑖 ≤ 𝑡          
2,        𝑡 + 1 ≤ 𝑖 ≤ 2𝑡 + 1 
1,     2𝑡 + 2 ≤ 𝑖 ≤ 3𝑡 + 2 

  and 𝑓(𝑣𝑖) = {
0,              1 ≤ 𝑖 ≤ 𝑡 + 1               
2,       𝑡 + 2 ≤ 𝑖 ≤ 2𝑡 + 2             

  1,     2𝑡 + 3 ≤ 𝑖 ≤ 3𝑡 + 2              
 

Then 𝑣𝑓(0) = 2𝑡 + 1, 𝑣𝑓(1) = 𝑣𝑓(2) = 2𝑡 + 2 and 𝑒𝑓(0) = 𝑒𝑓(2) = 3𝑡 + 3, 𝑒𝑓(1) = 3𝑡. 

From all the above three cases, we see that |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 but |𝑒𝑓(𝑖)  −  𝑒𝑓(𝑗)| ≰ 1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

Hence 𝐺𝑠 does not admit GMC labeling. 

Illustration 3.4: Switching of vertex 𝑢 (apex) of graph Helm 𝐻16 does not admit GMC labeling.    
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Figure 4. Switching of apex vertex 𝑢 of 𝐻16. 

Here 𝑣𝑓(0) = 𝑣𝑓(1) = 𝑣𝑓(2) = 11 and 𝑒𝑓(0) = 19, 𝑒𝑓(1) = 14, 𝑒𝑓(2) = 15. 

Therefore |𝑣𝑓(𝑖)  −  𝑣𝑓(𝑗)| ≤ 1 and |𝑒𝑓(𝑖)  − 𝑒𝑓(𝑗)| ≰  1 for all 𝑖, 𝑗 ∈  {0, 1, 2}. 

CONCLUSION 

In this research article we investigated the GMC labeling of Helm graph 𝐻𝑛 and also established the GMC labeling of 

some graph operations on Helm graph such as Fusion and Duplication. We also discussed that the operation Switching 

on graph Helm does not admit GMC labeling. Similar results on various graphs is an open area of research.  
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