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ABSTRACT

Let G be a graph with vertex set V(G) and edge set E(G). Let f:V(G) — {0,1,2} be a mapping. Assign the label
[\/f @) f (w) | for each edge uv. f is called a geometric mean cordial (GMC) labeling if |v(i) — v;(j)] <1 and
|ef(i) - ef(j)| < 1, where the number of vertices and edges labeled with x for x € {0, 1, 2} is denoted by v(x) and
er(x) respectively. A graph with a GMC labeling is called a GMC graph. In this research article we investigate the GMC

labeling of Helm graph H,, and also establish the GMC labeling of some graph operations on Helm graph such as Fusion
and Duplication. We also prove that the graph operation Switching on Helm graph does not admit GMC labeling.
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INTRODUCTION

In this research article we consider only simple, finite, undirected and connected graphs. An assignment of numbers which
are integers to the edges or vertices, or both with some conditions is called graph labeling. Let G be a graph. Let V(G)
denote vertex set of G and E(G) denote edge set of G. Let f: V(G) — {0, 1,2} be a mapping. Define the induced edge
labeling f*: E(G) - {0,1,2} by [\/f)f(v) |V edgeuv.f is called a geometric mean cordial (GMC) labeling if
lvs (i) — vy ()| < 1and |es(i) — e;(j)| < 1, forall 0 <i,j < 2. Here v;(x) represents the number of vertices labeled
with x and er(x) represents the number of edges labeled with x where x € {0, 1, 2}. A graph that admits GMC labeling
is a GMC graph [4]. In this research article we discuss the GMC labeling of the graph Helm H,, and also establish the

GMC labeling of few graph operations on Helm graph such as Fusion and Duplication. We also investigate that the graph
operation Switching on Helm graph does not admit GMC labeling.

PRELIMINARIES
Definition 2.1. [5]

The wheel I, is the graph obtained by combining K; and C, i.e. W,, = K; + C,,. The apex of the wheel W, is the vertex
corresponding to K;. The vertices on the rim of the wheel W, are the vertices of C,, and the edges on the rim of the wheel
W, are the edges of C,,.

Definition 2.2. [3]

The Helm graph H,, is constructed by joining a pendant edge to each vertex on the rim of a wheel IW/,.
Definition 2.3. [4]

The set of all vertices which are adjacent to the vertex v in G is called open neighbourhood of the vertex v in G.

Definition 2.4. [2]
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The fusion of any two vertices u and v of G as a single vertex w, gives a new graph G’ in such a way that the edges
incident with either u or v in G is now incident with w in G'.

Definition 2.5. [4]

The duplication of any vertex u of G by another new vertex w gives a graph G’ such that the neighbourhood of w is the
neighbourhood of wu.

Definition 2.6. [2]

A switching of any vertex v in a graph G is constructed by removing all the edges which are incident with v and joining
the vertex v with the vertices v;, where the vertices v; are not adjacentto v in G.

RESULTS
Theorem 3.1: The graph helm H,, isa GMC graph if n = 5.

Proof: Let Helm H, be a graph whose vertex set V(H,) = {u,u;,v;:1 <i<n} and its edge set E(H,) =
fuu,wv; : 1 <i<n}uf{wu;q;:1<i<n-1}U{u,u}. Let | denote the number of vertices and k denote the
number of edges. Thenl =2n + 1and k = 3n.

Define f : V(G) - {0, 1, 2} as shown below:
Case (i): n = 0(mod 3)

Letn=3t,t>1

fw) =1
0, 1<i<t-—1 0, 1<i<t+1
Fu) =12, t<i<2t—1 and f(r)={2 t+2<i<2t+1
1, 2t<i<3t 1, 2t+2<i<3t

Then v£(0) = v(2) = 2t,v,(1) = 2t + 1 and e;(0) = ef(1) = e (2) = 3t.
Case (ii): n = 1(mod 3)

Letn=3t + 1,t > 1

fw) =1
0, 1<ist-—1 0, 1<i<t+2
fu) =12, t<i<2t—1 and f(v)={2 t+3<i<2t+3
1, 2t<i<3t+1 1, 2t+4<i<3t+1

Then v£(0) = ve(1) = v,(2) = 2t + 1and e;(0) = ef(1) = ef(2) = 3t + 1.
Case (iii): n = 2(mod 3)

Letn=3t + 2,t>1

fw=1
0, 1<i<t 0, 1<i<t+1
fw) =142, t+1<i<2t and fw)={2 t+2<i<2t+3
1, 2t+1<i<3t+2 1, 2t+4<i<3t+2

Then vp(0) = 2t + 1,v,(1) = vp(2) = 2t + 2and e;(0) = es(1) = ef(2) = 3t + 2.
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From all the above three cases, we see that |vf(i) - vf(j)| <1land |ef(i) — ef(j)| < 1foralli,j € {0,1,2}.
Hence f is a GMC labeling.

Ilustration 3.1: GMC Labeling of graph Helm Hs,

Figure 1. GMC Labeling of Helm Hs,.

Here Vf(O) = Uf(Z) = Uf(l) = 35 and ef(O) = ef(l) = ef(Z) = 52.
Therefore |vy(i) — v;(j)] < 1and |ef(i) — e;()| < 1foralli,j € {0,1,2}.
Note: H; and H, does not admit GMC labeling.

Theorem 3.2: The graph formed by fusing any two pendent vertices of Helm graph H,, isa GMC graph ifn > 5 and
n # 6.

Proof: Let G, represents the graph formed by fusing any two pendent vertices v; and v; as one vertex u’ in a Helm graph
H,. Then its vertex set V(G;) = {u,u’,u;,v: 1 < i <n,1 <j <n-—2}and its edge set E(Gf) = {uw, ujv;: 1<i<

n1<j<n-—2}U{u,u, uu}Ufuu, 1 <i<n—13}U {uu)
Let |V(Gp)| = L and |E(G)| = k. Then | = 2n, k = 3n.

Define f : V(G) — {0, 1, 2} as shown below:

Case (i): n = 0(mod 3)

Letn =3t,t > 2

f=1fw)=1

0, 1<i<t—1 0, 1<i<t+1
fu) =12, t<i<2t—1 and fw)=] 2 t+2<i<2t+1
1, 2t<i<3t 1, 2t+2<i<3t-2

Then v£(0) = ve(1) = v4(2) = 2t and ef(0) = ef(1) = e(2) = 3t.

Case (ii): n = 1(mod 3)
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Letn=3t + 1,t>1

f@)=1fu) =2

0, 1<i<t-—1 0, 1<i<t+2
fw) =12 t<i<2t—1 and f(v)={2 t+3<i<22t+1
1, 2t<i<3t+1 1, 2t+2<i<3t-1

Then v£(0) = 2t,v5(1) = v,(2) = 2t + 1 and e (0) = e;(1) = 3t + 1,£(2) = 3t.
Case (iii): n = 2(mod 3)
Letn=3t + 2,t>1

f=1fW) =2

0, 1<i<t 0, 1<i<t+1
fu) =12, t+1<i<2t and f(v) =12 t+2<i<2t+1
1, 2t+1<i<3t+2 1, 2t+2<i<3t

Then ve(0) = vp(2) = 2t + 1,v,(1) = 2t + 2and e;(0) = ef(1) = es(2) = 3t + 2.
From all the above three cases, we see that |v; (i) — v;(j)| < 1and |e;(i) — e;(j)| < 1foralli,j € {0,1,2}.
Hence f is a GMC labeling.

Illustration 3.2: Fusion of vertices v,4 and v, of Hs, and its GMC labeling.

Figure 2. Fusion of vertices v,4 and vy, of Hs, and its GMC labeling.
Here Uf(o) = Uf(Z) = Uf(l) = 20 and ef(O) = ef(l) = ef(Z) = 30.
Therefore |v:(i) — v()| < 1and |ef(i) — ()| < 1foralli,j € {0,1,2}.

Theorem 3.3: The graph formed by duplication of any arbitrary pendent vertex v; of graph Helm H,, is a GMC graph if
n = 5.

Proof: Let G, represents the graph formed by duplication of any arbitrary pendent vertex v; of a graph Helm H,,. Then
its vertex set V(G,) = {u,u;,vi: 1 <i<n}uU{v;:i=1lor2or..n} and its edge set E(Gy) = {uu;, w;v; : 1 <i <
n}U{wv;:i=1lor2or..n}U {wu;q:1 <i<n-1}U{u,u,}. Let |V(Gf)| = [ and |E(Gf)| =k. Then l = 2n +
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2,k =3n+1.

Define f : V(G) — {0, 1, 2} as shown below:
Case (i): n = 0(mod 3)

Letn=3t,t >1

fW)=1,f(v))=0fori=1or2or..n

0, 1<i<t—1 0, 1<i<t+1
fw) =142 t<i<2t—1 and f(v)=1{2 t+2<i<2t+1
1, 2t<i<3t 1, 2t+2<i<3t

Then ve(0) = vp(1) = 2t + 1,v,(2) = 2t and e;(0) = 3t + 1,e,(1) = ef(2) = 3t.
Case (ii): n = 1(mod 3)
Letn=3t + 1,t>1

fw)=1,f(wv))=0fori=1or2or..n

0, 1<ist-1 0, 1<i<t+2
fu) =12, t<i<2t—1 and f(v)={2 t+3<i<2t+3
1, 2t<i<3t+1 1, 2t+4<i<3t+1

Then vp(0) = 2t + 2,v,(1) = v,(2) = 2t + 1and e;(0) = 3t + 2,e,(1) = e,(2) =3t + 1.
Case (iii): n = 2(mod 3)
Letn=3t + 2,t>1

fw=1,fw)=0fori=1or2or..n

0, 1<i<t 0, 1<i<t+1
flu) =12, t+1<i<2t and f(v) =12 t+2<i<2t+3
1, 2t+1<i<3t+2 1, 2t+4<i<3t+2

From all the above three cases, we see that |vf(i) - vf(j)| < 1land |ef(i) - ef(]')| < 1foralli,j € {0,1,2}.
Hence f is a GMC labeling.

Illustration 3.3: GMC Labeling of graph formed by duplication of vertex v, of graph Helm H;,.

Figure 3. Duplication of vertex v, of H;, and its GMC labeling.
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Therefore |v(i) — v;(j)] < 1and |ef(i) — ef()| < 1foralli,j € {0,1,2}.
Theorem 3.4: The graph formed by switching any arbitrary vertex of graph Helm H,, does not admit GMC labeling.

Proof: Let G, represents the graph formed by switching the vertex u (apex) of graph Helm H,,. Then its vertex set V(G;) =
{fu,u,vi;1<i<n}and its edge set E(G,) ={uv,uvi:1<i<n}u{uyu,;:1<i<n-1}u{u,u,}. Let
[V(GH)| =land |[E(Gs)| = k. Thenl = 2n + 1,k = 3n.

Define f : V(G) — {0, 1, 2} as shown below:
Case (i): n = 0(mod 3)

Letn=3t,t>1

fw) =1
0, 1<i<t-1 0, 1<i<st+1
f(ui)= 2, t<i<?2t al’ldf(vi)= 2, t+2<i<?2t
1, 2t+1<i<3t 1, 2t+1<i<3t

Then v£(0) = v,(2) = 2t,v,(1) = 2t + 1and e (0) = 3t + 2,e,(1) =3t — 1
and ef(2) =3t — 1.
Case (ii): n = 1(mod 3)

Letn=3t + 1,t > 1

fw=1
0, 1<i<t-1 0, 1<i<t+2
Flu) =12, t<i<2t+1 and f(v)=]2 t+3<i<2t+1
1, 2t+2<i<3t+1 1, 2t+2<i<3t+1

and e (2) = 3t.
Case (iii): n = 2(mod 3)

Letn=3t + 2,t =1

fw) =1
0, 1<i<t 0, 1<i<t+1
Fu) =12, t+1<i<2t+1 andf(v)={2 t+2<i<2t+2
1, 2t+2<i<3t+2 1, 2t+3<i<3t+2

Then v£(0) = 2t + 1,v,(1) = v,(2) = 2t + 2and e;(0) = e;(2) = 3t + 3, e(1) = 3t.
From all the above three cases, we see that |v; (i) — v;(j)| < 1 but |ef(i) — ef(j)| < 1 foralli,j € {0,1,2}.
Hence G, does not admit GMC labeling.

Illustration 3.4: Switching of vertex u (apex) of graph Helm H, ; does not admit GMC labeling.
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Figure 4. Switching of apex vertex u of Hy.
Here v£(0) = v;(1) = v;(2) = 11 and e;(0) = 19,e;(1) = 14,¢;(2) = 15.
Therefore |vp (i) — vr(j)| < 1and |e;(i) — e;()| £ 1foralli,j € {0,1,2}.
CONCLUSION

In this research article we investigated the GMC labeling of Helm graph H,, and also established the GMC labeling of
some graph operations on Helm graph such as Fusion and Duplication. We also discussed that the operation Switching
on graph Helm does not admit GMC labeling. Similar results on various graphs is an open area of research.
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