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Abstract

The purpose of this paper is to provide the notion of Intutionistic i-open sets in Intutionistic topological spaces and study
the relation with some existing Intutionistic open sets. Additionally, we expounded some properties of Intutionistic i-
open sets in Intutionistic topological spaces.
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1. Introduction

The idea of intutionistic fuzzy sets was introduced by Atanassov[1]. Notion of membership and non membership were
discovered by Coker [3] in intuitionistic fuzzy topological spaces, subsequently he modified the crisp sets in entire forms.
Later, Coker [5] introduced the intuitionistic topological spaces using intuitionistic sets. This paper is an attempt to define
the conception of intutionistic i-open sets in intutionistic topological spaces and some characterizations of intutionistic i-
open sets are discussed. Besides, we relate intutionistic i-open sets with other existing intutionistic open sets in
intutionistic topological spaces.

2. Preliminaries

Definition 2.1 [2]. Let % be a non-empty set. An intuitionistic set(IS for short) A is an object having the form H =
<XK,H;,H,> where H;, H, are subsets of K satisfying H; N H, = @. The set H; is called the set of members of H,
while #, is called set of non members of H'.

Definition 2.2 [2]: Let K be a non-empty set and A and G are intuitionistic set in the form H =< K, H,,H, >, G =<
X, G, G, > respectively. Then

1. HCSGiffH, € Gand H, 2 G,
2 H=Ggiff ¥ cGandGc H

3. HC =< K, H,, H, > 4. P=<
K,0,K >K=<X,K,0 > 5. HUG=<
K, Hi UG, HpNGy >

6. Hﬂg :<K,H1 ngl, Hz ng >,
Furthermore, let {4,/ ae J} be an arbitrary family of intuitionistic sets in X, where 4, = < X, }[él), }[éz) >. Then

OHNH.=<HNHP UKD > 5
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(i) UK, =< KUHD x> >

Definition 2.3 [5]: An intuitionistic topology is (for short IT) on a non-empty set X is a family t of intutionistic sets in
satisfying following axioms.

1) 6Ket
2) G4ngG, € t,forany G;,G, €1

3)U G, € t forany arbitrary family {G; : G,/a €]} where (¥, 1) is called an intuitionistic topological space and any
intuitionistic set is called an intuitionistic open set (for short ~ 70S) in K. The complement ¢ of an 70S of 7 is called
an intuitionistic  closed set (for short 7CS) in K.

Definition 2.4 [5]: Let (X, t) be an intuitionistic topological space and H =< &, H;, H, > be an IS in . Then the J-
interior and J-closure of 7 are defined by

Jint(H) =U{G:G isanJOSin K and G € H}.
Jel(H) =n{S:S§ isanJCSinK and H < S}

It can be shown that 7¢Il (#) isan JCS and Jint (H) isan JOS in K and H isan ICS in K iff Icl(H) = H and H isan
JOS in K iff Jint(H) = H.

Definition 2.5 [6]: Let (¥, 7) be an intutionistic topological space. An intuitionistic set H' of K is said to be
Intuitionistic semi-open if # < Jcl(Tint (H)).

Intuitionistic pre-open if £ < Jint(Jcl (H)).

Intuitionistic a-open if H < Jint ( Jcl(Jint (}[))).

Intuitionistic g-open if H < Jcl (Jint(Icl (F))).

The family of all intuitionistic semi-open, intuitionistic pre-open, intuitionistic a-open and intuitionistic S-open sets of (¥, 1)
are denoted by 7SOS, JPOS, 7a0S, and J50S respectively.

Definition 2.6 [8]: A subset M of intuitionistic topological space (¥, 7) is called an intuitionistic
w-closed set (briefly Jw -closed) if 7cl (M) < F whenever M € F and F is intutionistic semi-open in K.

Definition 2.7 [9]: A subset M of intuitionistic topological space (¥, t) is called an intuitionistic generalized-closed set
(briefly 7g-closed) if Jcl (M) < F whenever M < F and F is J-open in K.

Definition 2.8 [2]: Let X be anonempty setandp € X afixed element in X . Then the intutionisticsetp =< 7C, {p}, {p}c >
is called intutionistic point and p =< x, @, {p}¢ > is called intutionistic vanishing point.

Definition 2.9 [2]: Letp € X and H =< K, H;, H, > be an intutionistic set. Then
()pSHIffp € H,

(i) p S Hiffp € H,

3. Intutionistic i-open Sets

Definition 3.1: An intutionistic set D of an Intutionistic topological space (¥ ,7) is named as intutionistic i-open set
(shortly Ji-open set) if there exist an intutionistic open set ' # @ and X such that D € Jcl(D N H). The complement
of Ji-open set is called Ji-closed set. The set of all intutionistic i-open sets of (¥, 7) is denoted by Ji0.
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Example 3.2. Let K = {r, 8,1} with a family t = {K, @, H;, H,, H5} where H, =<K, {r},{t}>
JH, =< K, {r,8},0 >and H; = < K, 0, {r, £} >. The Intutionistic i-open sets are all the intutionistic subsets of X .

Theorem 3.3. An intutionistic set D of an Intutionistic topological space (¥, 7) is an intutionistic i-closed set iff
Jint(D U F) < D where F is intutionistic closed set.

Proof : Let D be an intutionistic i-closed set. Then, D¢ = G is intutionistic i-open. By the definition of intutionistic i-
open there exists an intutionistic open set H # @ and K such that D¢ € Icl(D* N H) = (jint(D U }[”))C which

implies Jint(D U H) € D. Let H¢ = F where F is intutionistic closed set. Then, Jint(D U F) < D. Conversely, Let
F be intutionistic

closed set such that Jint(D U F) € D. Then F¢ = H is intutionistic open set. Jint(D UF) = (Jcl(D° N F)) <D
which implies D¢ € Icl(D€ n K) which implies D€ is intutionistic i-open. Hence, D is intutionistic i-closed.

Theorem 3.4. Each intutionistic open set is intutionistic i-open set.

Proof : Assume H be an intutionistic open set. Then ' € Icl(H N H). Hence, H is an
intutionistic i-open set.

Remark 3.5. The reverse implication is not true.

Example 3.6. Let K = {m,n} with a family 7= {X,0,R,,R,} where R, =<X,{n},{m}> and R, =<
¥, 0,{m} >. < XK,0,0 > is intutionistic i-open set but, not an intutionistic open set.

Corollary 3.7. Each intutionistic closed set is intutionistic i-closed set.
Theorem 3.8. Every intutionistic regular open set is intutionistic i-open set.

Proof : Let U be an intutionistic regular open set. Since every intutionistic regular open is intutionistic open and by
theorem 3.4., U is intutionistic i-open set.

Remark 3.9. The reverse implication is not true.

Example 3.10. Consider example 3.6. Here < X, {n}, {m} > is intutionistic i-open but not an intutionistic regular open
set.

Corollary 3.11. If U is intutionistic regular closed set, then U is intutionistic i-closed set.
Theorem 3.12: Every intutionistic semi open set is intutionistic i-open set.

Proof : Take B be an intutionistic semi open set. Then there exists an intutionistic open set G such that G € B < Jcl(G).
Since G € B, G N B = G. Therefore, B < Jcl(G N B). Hence, B is intutionistic i-open.

Remark 3.13. The reverse implication is not true.

Example 3.14. Let K = {x, A} with 7 = {K,0,V,,V,, V;}where V, =< K, 0,{A} >, V, =< K,{x},{A} >and V; =
< X, {k},® >. Here < I, @, {xc} > is intutionistic i-open set but, not an intutionistic semi-open set.

Theorem 3.15. An intutionistic set S is intutionistic i-open set whenever § is intutionistic alpha-open set.

Proof : Let 7 be an intutionistic alpha open set. Since every intutionistic alpha open set is intutionistic semi open
and by theorem 3.12.,  is intutionistic i-open set.

Remark 3.16. The reverse implication is not true.

Example 3.17. Consider example 3.14. Here, < %, @, @ > is intutionistic i-open but not an intutionistic a-open set.
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Corollary 3.18. Every intutionistic i-closed set is intutionistic a-closed set.

Theorem 3.19. Union of two intutionistic i-open sets are intutionistic i-open set.

Proof: Let G and F be two intutionistic i-open sets. Then there exist an intutionistic open set

Csuchthat G € Jcl(G N €) and H S Icl(H N E). Now G UH S Icl(G N C) U Icl(H N C)

=Jcl((GNCYVU (H NEC))=Icl((GUH) N G).Therefore, G U H is intutionistic i-open set.

Corollary 3.20. Intersection of two intutionistic i-closed sets are intutionistic i-closed set.

Proof: Let F and £ be two intutionistic i-closed sets. Then, F¢ and L€ are intutionistic i-

open sets. By the above theorem, F€ U L = (F n L)€ is intutionistic i-open. Hence, F N L is intutionistic i-closed set.
Remark 3.21. Intersection of intutionistic i-open sets are not intutionistic i-open.

Example 3.22. Let X’ = {17,19,21} with 7 = {K, 3, V,, V,, Vs} where V, = < K, {17}, {19} >, V, =< K, ®,{19} >
Vs =< K,{17,21},0 > and V, = < K, {17}, 8 >. Here, < X, {19}, 8 > and < X, {19,21}, {17} > are intutionistic i-
open sets but, their intersection < 7¢,{19}, {17} > which is not intutionistic i-open.

Remark 3.23. Union of intutionistic i-closed sets are not intutionistic i-closed sets.

Example 3.24. Consider example 3.22. < X, {17},{19,21} > and < X, @, {19} > are intutionistic i-closed sets but, their
union < X, {17},{19} > which is not intutionistic i-closed set.

Remark 3.25. Intutionistic i-open and Intutionistic pre-open are independent.
Remark 3.26. Intutionistic i-open and Intutionistic f-open are independent.

Example 3.27. Let X = {{,n} with = {X,0,R;,R,} where R, =<X,{,0 > and R, =<X,0,0 > . Here, <
¥C,m, @ > is both intutionistic pre-open and intutionistic S-open but not an intutionistic i-open set. Also, < X, ®,7 > is
intutionistic i-open but not intutionistic pre-open and intutionistic S-open sets. Hence, intutionistic pre-open and
intutionistic i-open , intutionistic S-open and intutionistic i-open are independent.

Remark 3.26. Intutionistic i-open and Intutionistic g-open are independent.
Remark 3.27. Intutionistic i-open and Intutionistic w-open are independent.

Example 3.28. Let X = {I,A} with 7 = {X,8,5,,S,} Where S, =< K,0,0 > and S, =< K,A,@ > . Here, <
X, T, @ > is both intutionistic g-open and intutionistic w-open but not an intutionistic i-open set. Also, < %, @, A > is
intutionistic i-open but not intutionistic g-open and intutionistic w-open sets. Hence, intutionistic g-open and intutionistic
i-open , intutionistic w-open and intutionistic i-open are independent.

Definition 3.29. An intutionistic set D of an Intutionistic topological space (¥, t) is hamed as intutionistic ia-open set
(shortly Jia-open set) if there exist an intutionistic alpha openset ~ #H # @ and K such that D € Jcl(D N H).

Definition 3.30. An intutionistic set G of an Intutionistic topological space (¥, 7) is called as intutionistic is-open set if
there exist an intutionistic semi open set M # @ and K such that G < Jcl(G n M).

Definition 3.31. An intutionistic set M of an Intutionistic topological space (¥ , 1) is said to
be an intutionistic ip-open set if there exist an intutionistic pre-open set ? # @ and K such that M € Jcl(M N P).

Theorem 3.32. Every intutionistic i-open set is intutionistic ia-open set(respectively intutionistic is-open set,
intutionistic ip-open set).
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Proof : Let R be an intutionistic i-open set. Then there exist an intutionistic open set M # @ and K such that R
Jcl(R N M). Since every intutionistic open set is intutionistic alpha open set(respectively intutionistic semi open,
intutionistic pre-open), R is intutionistic iax-open set(respectively intutionistic is-open set, intutionistic ip-open set).

Remark 3.33. The reverse implication is false.

Example 3.34. Let X = {4,8} with a family t = {K, @, £, £,} where £; =< X,{8},{4} >and £, = < K, @, {4} >.
< X, 0,{8} > is intutionistic ia-open set but, not an intutionistic i-open set.

Example 3.35. Let K = {e, #} with a family t = {X,0,7;,7,} where 7, =< X,0,0 > and 7, = < K, {#},0 >. <
¢, {e}, ® > is intutionistic ip-open set but, not an intutionistic i-open set.

Example 3.36. Let X = {k, 1} with a family T = {K,3,5,,S,, 85} where §; =< X,0,1>, §; =< X,{k}, {1} >and
§; =< K, {k}, 0 >. < K, {1}, {k} > is intutionistic is-open set but, not an intutionistic i-open set.

Theorem 3.37. If A is intutionistic i-open and B is intutionistic open(respectively intutionistic a-open, intutionistic semi
open, intutionistic regular open) then A U B is intutionistic i-open.

Proof : Obvious
4. Some characterizations on Intutionistic i-open sets

Definition 4.1. Let (¢, 7) be an Intutionistic topological space and let H € X . The intutionistic i-interior of  is defined
as the union of all intutionistic i-open sets contained in & and is denoted by Jint;(#). It is clear that Jint;(H) is the
largest intutionistic i-open set, for any subset H of XK.

Proposition 4.2. Let (5, t)bean ITSand let H € G € K. Then

1. Jint,(H)S H.

2. Jint;(H)< Jint,(G)

3. H is intutionistic i-open if and only if ' = Jint;(#)

4. Jint;,(H U G) = TJint;(H) U Jint;(G)

5. Jint;(H n G) = Jint;(F) N TJint;(G)

Definition 4.3. Let (¥, t) be an ITS and let X < K. The intutionistic i-closure of 7 is defined

as the intersection of all intutionistic i-closed sets in K containing 7, and is denoted by Jcl;(H). It is clear that Jcl;(H)
is the smallest intutionistic i-closed set for any subset H of K.

Proposition 4.4. Let (¥,t) beanITSandlet H € G € K. Then

1. H C Icl;(3)

2. 3cly(H) < 3cli(G)

3. H is intutionistic i-closed if and only if 7 = Jcl;(H)

4.3cly(H U g) = Icl;(H) U Icl;(G)

5. 9cli(H n G) = Icl;(H) n Icli(G)

Proposition 4.5. Let G be any subset in a Intutionistic topological space (¥, t), then the listed characteristics are true.
() Jint; (U - G) =U- (Icli(9))
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(i) Jel,((U = §) = U — (Jint;(§))
Proof: (i) By definition, Icl;(G) = n {B:G < B, B is an intutionistic i- closed set}

U-3Jcl;(§)=U —n{B:G € B,Bis an intutionistic i- closed set} = U {U — B: G < B, B is an intutionistic i- closed
set} = U {K: K < U — G, XK is an intutionistic i-open set} = Jint;(U - G)

(ii) The proof is similar to (i)

Definition 4.6. A subset Z of an intutionistic topological space (¥,7) is called an intutionistic i-neighbourhood of a
point p of X if there exists an intutionistic i-open set  containing p suchthatpe H < Z.

Definition 4.7. Let (¥,t) beanITS,p € K and let Z € IS(X).
(i) Z is called an intutionistic i-neighbourhood of p if there exists an intutionistic i-open set
H suchthatpe H cZ.
(i) Z is called an intutionistic i-neighbourhood of 7 if there exists an intutionistic i-open set
H suchthatpe H 2.
We denote the set of all intutionistic i-neighborhood of # (respectively p) by N;(p)(respectively N; (%))

Theorem 4.8. Every intutionistic neighborhood M of p(respectively p)is an intutionistic i-neighborhood of
p(respectively 7).

Proof: Let M be an intutionistic neighborhood of point p € K. By definition of intutionistic

neighborhood, there exists an intutionistic open set R such thatp € R ¢ M. Since every intutionistic open is intutionistic
i-open, M is a Ji-neighborhood of p.
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